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This work contains elementary proofs of the principal 
properties o£ Conica, and is intended for students who 
proceed to the study of the subject after finishing the 
first six boolta of Euclid : the curves have not, therefore, 
been defined as the sections of a cone, although that 
method has the sanction of history and antiquity in its 
favour ; and for the same reason, no use has been made 
of the method of projections. 

As regards the arrangement of the subject, I have 
thought it best to devote separate chapters to the para- 
bola, the ellipse, and the hyperbola. The plan of starting 
with a chapter on general conies, in which some funda- 
mental propositions are proved by methods applicable 
to all the three curves, has no doubt the advantage of 
securing an appearance of brevity. But, I believe, be- 
ginners find the subject more intelligible when the pro- 
perties of the three curves are discussed separately. 
Besides, in the other method students, and even writers 
of text-books, are apt to overlook the necessity of 
modifying an argument on account of the fundamental 
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vi GEOMETEY OP CONICS. 

difference in the figures of the several curves ; see, for 
instance, Chap. II., Prop, x., and Chap, III., Prop, ix., 
■which are ordinarily proved by identically the same 
argument. AlsO; as the properties of the hyperbola are 
proved, wherever possible, by the same methods as the 
corresponding properties of the ellipse, it is obvious that 
this arrangement does nob tend to increase the work of 
the student. 

As to the propositions included in each chapter and 
their sequence, I have not been able to adopt wholly the 
scheme of any previous writer; but I venture to hope 
that the book includes all the classical propositions on 
the subject, arranged in their proper logical order. 
Every attempt has been made to render the proofs 
simple and easily intelligible, though I have never sacri- 
ficed accuracy to brevity. Thus, for instance, I have 
not followed the practice of referring to a proposition 
when the truth of its converse is really assumed — a 
practice which has, in at least one instance, led to a 
remarkable error in the treatment of conjugate dia- 
meters in a famous text-book. Nor have I attempted 
to secure a fictitious appearance of conciseness by adding 
to each proposition a list of corollaries by no means less 
important than the proposition itself, and freely using 
them for the purpose of deducing subsequent proposi- 
tions. 

The exercises, of which there are about eight hundred, 
have been selected with great care ; more than six hun- 
dred of these are placed under the different propositions 
from which they may be deduced ; they are for the most 
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part of an elementary character, and have heeii carefully 
graduated. Hints and solutions have he en li her ally 
added, and these, it is hoped, will prove materially 
helpful to the student, and render the subject attractive. 
The attention of the student has also been directed to 
various methods of graphically describing the curves, 
including those used in practice by draughtsmen, and 
some very neat problems have been added from Newton, 
Book I., Sections iv. and v. 

At the end of the table of contents will be found a 
course of roatling suitable for beginners. 
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GEOMETRY OF CONICS. 



INTRODUCTION. 

A Conic is a curve traced by a, point which moves in a 
plane containing a fixed point and a fixed straight line, 
in such a way that its distance from the fixed point is in 
a constant ratio to its perpendicular distance from the 
fixed straight line. 

The fixed point is called the Focus. 

The fixed straight hne is called the Directrix. 

The constant ratio is called the Eccentricity, and is 
usually represented by the letter e. 

When the eccentricity is equal to unity, the Conic is 
called a Parabola (e = l). 

When the eccentricity is less than unity, the Conic is 
called an Ellipse (e < 1). 

When the eccentricity is greater than unity, the Conic 
is called a Htpebbola {e > I). 

The straight line drawn through the focus perpen- 
dicular to the directrix i^ called the A\1S of the Conic 

The point (or points) m which the axis intersects the 
Conic is called the Vertex 
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2 GEOMETRY OF C0NIC8. 

of a right circular coiie, which, is a surface formed by the revol- 
ution of a right-angled triangle about oue of its sides. This 
conception does not lead to the simplest way of investigating 
the properties of Conies, as it necessitates a knowledge of the 
geometry of solids, In order to restrict the discussion of these 
curves to the domain of plane geometry, they have been defined 
as above. 

The Conica are said to have been discovered by Menaechmua, 
a Greek mathematician who flourished about rc. 350, and were 
a«cordingly called after him the " Menaeokmian Triads." They 
were first systematically studied by ApoUonius of Perga (B.C. 
247-205). 
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CHAPTER I. 

THE PARABOLA. 

DESCEIPTION OF THE CURVE. 

We have seen that the eccentricity of the parabola is 
unity, that is, the distance of any point on it from the 
focus is equal to its perpendicular distance from the 
directrix. 

The parabola may be mechanically constructed in the 
following manner. 




Let S be the focus and MX the directrix; and let a 
rigid bar KMQ, of -which the portions KM and MQ are 
at I'ight angles to each other, having a string of the same 
length as MQ, fastened at the end Q, be made to slide 
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4 GEOMETEY OF COKKIS. 

parallel to the axis SX with the end M on the directrix ; 
then if the other end of the string be fastened at the 
focus yS, and the string be kept stretched by meana of 
the point of a pencil at F, in contact with the bar, it 
is evident that the point P will trace out a parabola, 
since SP is always equal to PM. 

Ex. A point moves so that tlie sum of its distances from a 
fixed point and a fixed straight line is constant. Show that it 
describes a parahola. 

In the above figure, the sum of the distances of P from S and 
the straight line through Q parallel to XK is evidently constant. 

Proposition I. 
Qiven the focus and the directnx of a parabola, to 
determine any number of "points on it. 




Let S be the focus and MXM' the directrix. Through 
S draw SX perpendicular to the directrix, and bisect SX 
in A ; then J, ia a point on the parabola, since SA~AX. 

Take any point N in 8X or SX produced. Through 
N draw PNP' perpendicular to XN ; with centre S and 
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PARABOLA. 5 

radius equal to XN, describe a circle cutting PNP' at P 
and P' ; then P and P' shall be pointe on the parabola. 

Draw PM and P'M' perpendicular to the directrix. 

Then PS = JN, by construction, and PM=XN, being 
opposite sides of a rectangle; therefore PS = PM. Simi- 
larly it may be shown that P'S^P'M'. Therefore P and 
P' are points on the parabola. 

In like manner, by taking any other point in SX, any 
number of points on the curve may be determined. 

Ex. 1. The parabola is symmetrical with respect to its asis. 
This follows from the fact that PP' is bisected at right angles 

Def. A curve is said to be sym/metrical with respect 
to a stfaight line, if, corresponding to any point on the 
curve, there is another point on the curve on the other 
side of the straight line, such that the chord joining them 
is bisected at right angles by the straight line. 

Ex. 2. AUei-native Gonstruation — Join the focus S to any point 
M on the directrix ; draw MP at right angleo to the directrix, and 
make the angle MSP equal to the angle SMP. P is a point on 
the parabola, 

Ex. 3. Altematvoe Coresto-acJion-— Bisect SM in E, and draw 
EP perpendicular to SM, meeting MP in P. P is a point on the 
parabola. 

For another construction, see Prop. X,, Ex. 3. 

Ex. 4. Describe a parabola of which the focus and vurtex !ire 

Ex. 5. Given the focus 5, and two points P, Q on the parabola, 
construct it. 

The directrix will be a common tangent to the two circles 
described, with centre 5 and radii SP, §§ respectively. 

Ex. 6. The distance of any point inside the parabola from the 
focus is less than it« distance from the directrix. 

Ex. 7. The distance of any point outside the parabola from the 
focus is greater than its distance from the directrix. 

Ex. 8. A straight line parallel to the axis of a jjarabola meets 
the curve in one point onlj'. 

Ex. 9. There is no limit to the distance to whicli the parabola 
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6 GEOMETRY OF CONICS. 

may extend tin botli sides of the axis, so that the parabola is not 
a closed carve. 

It is obvious tliat the point N may be talcen anytohefe on the 

Ex. 10. Any two right lines drawn from the focus to the curve 
on opptffiite sides of the axis, and equally inclined to it, are equal ; 
and conversely. 

Ex. 11. If SM meets in T the straight line drawn through A 
perpendicular to the axis, SY= YM, and PY is at right angles to 
,?ir and bisects the angle SPM. 

Ex. 13. If SZ is drawn at right angles to SP to meet the 
directrix in Z, PZ bisects the angle SPM. 

Ex. 13. PSp is a right line passing through the focus and 
meeting the parabola, in P and p. PM and pw, are perpendicular 
to the airectrix. Show that MSm, is a right angle. 

Ex. 14. The locus of the centre of a circle wnich pasa^ thi-ough 
a given point and touches a given straight line is a parabola. 

Ex. 15. The locus of the centre of a circle which touchy a 
given circle and a given straight line is a parabola, 

Tiie focus is the centre of the given circle, and the directrix a 
right line parallel to the given one at a distance from it equal to 
the radius of the gives circle. 

Ex. 16. PSp is a straight line through the focus S, cutting the 
parabola iii P and p. FN, pn, are drawn at right angles to the 
'axis. Bx>ve that AI<f.An=ASK 

Ex. IT. Given the directrix and two points on the curve, 
construct it Show that, in general, two parabolas satisfy the 
conditions. 

Ex, 18. If from a. point P of a circle, PC be drawn to the 
centre C, and R be the middle point of the chord PQ drawn 
parallel to a flied diameter ACB ; then the locus of the inter- 
section of CP and AR is a parabola. 

The focus will be at C, and the directrix will be the tangent to 
the circle at A. 

PllOPERTIES OP CHORDS. 

Def. The chord {QQ') of a conic is the finite straight 
lino joining any two points (Q, Q') on the curve. 

Def. A focal diord (PSp) is any chord drawn through 
the focus (S). 

Def. The latKS reetuw, (T-L') of a conic is the focal 
chord drawn at right angles to the axia. 
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PARABOLA. 7 

Def. The fooal distance (SP) of a point { P) on a conic 
is its distance from the focus, 

Del The ordinate (PN) of a point (P) on a eonic is 
the perpendicular from the point on the axis. 

Del The abscissa (AN) of a point (P) on a parahola, 
with respect to the axis, is the portion of the axis be- 
tween the vertex and the ordinate of the point. 

Proposition II. 

The latus rectum of a parabola is equal to four times 
the distance of the focus from the vertex (LL' = 'iAS). 




Let ZSL' he the latus rectum. .Draw LM perpendicular 
to the directrix. 

Since the parahola is symmetrical, with respect to the 
axis, LS^L'S. Therefore 

LL'=2lS=2LM=2XS^iAS. 
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8 GEOMETTiY OF CONICS. 

Ex. 2. The radius of the circle described, about the triangle 
LAL'=% latiis rectum, 

Ex. 3. rind, the point ia a given ordinate FiV, such that OR 
being drawn parallel to the axis to meet the curve in R, ON+OR 
may oe the greatest possible. \pN=2AS.'\ 

^Proposition III, 
Any focal chord of a parabola is divided hirTMni- 
cally by the curve, the focus, and the direetnx, 

Def. A straight line AB is said to be divided hai'- 
monically in and 0', if it is divided internally in and 
extei'nally in 0\ in the same ratio, that is, if 
AO:OB = AO':0'B. 




Produce the focal chord PSp to meet the direcfciix in J), 
and draw PM,pm from P, p, perpendicular to tlie directrix. 

Then, from the similar triangles BMP, Bnip, 
PD:pD = PM:pm. 

But PM=PS. and pm = pS. 

Therefore PB-.pD^PS: pS. 

Hence Pp is divided harmonically in S and B. 
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PARABOLA. 


Pl(l\ 


-c that 


1 i ^ 


;/y 


Prove that 


1 1 


2 



Bx, S. 

Ex 3 Tlie semi latus rectum is ■» haimonjc me^iia between 
the two segmButs of ftiij fDcal choid of a piiabih 

Ex. 4 Total choide of a parabnla are li oni iiuthei i- the 
rectangles eontained lij their segments 



Proposition IV. 

T}i£ square of the ordinate of any point on a 'para- 
bola is eqiuil to the rectangle contained hy the latus 
rectum and the abscissa {PA^ — iAS.AN}. 




Draw PM jierpendiculai- to tho directrix, and join SP. 
Then, because XS is bisected in A and produced to N, 
NX^=SN^+iAS.AK [Euc. IL 8. 

But NX^PM^SP. 

Therefore NX^=^8P^^SN^+PN\ [Euc. L 47. 

Therefore PN^ - iAS . AN. 
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10 GEOMETEY OF C0NIC8. 

Ex. 1. If PL be drawji at right angles to AP^ meeting tlie axis 
in i, NL is always equal to the latiia rectum. 

Ex. 2. If a circle be described about the triangle &PN, the tan- 
gent to it from A =\PS. 

Ex, 3. A straight line parallel to the axis bisects FN, and meets 
the curve in § ; jV§ meets a line through A at right angles to the 
axia, in T. Prove that ZAT='i.. PN. 

Ex. 4. If S§ be parallel to AP, and §J/ be the ordinate of §, 
prove ^'ba.tSM^=AM.AN. 

Ex. 5. If be any point on a double ordinate PNP, and OQ 
parallel to the axis meets the curve in Q, show that 
(i.) OP.OP=.iAS.Oq; 
(iL) PN:ON=OR:qR. 
Ex. 6. PSP is a double ordinate of a parabola. Through q, 
another point on the cui've, straight lines are drawn, one passing 
through the vertejc, the other parallel to the axis, cutting PF in (, 
V. Prove that PiV^ = iV^.i\'f. 

Ex. 7. A circle has its centre at J., and its diameter is equal to 
3.4S. Show that the common chord of the circle and the parabola 
bisects AS, 

Ex. 8. AP, BQ are two lines at right angles to AB ; A is joined 
to any point (^ on BQ ; a, point is taken on AQ such that the 
iwrpendicular OJV on AP^BQ Pr th t th lx;u f is a 
parabola. \A.ids,AP; lati tmi AB'\ 

Ex. 9. PM, qN are tl d nataj f tl t m t f two 
chorda AP, AQ which ar t ht in 1 t ach th Prove 
that AM. ^iV=(Latua reet n ) 

Ex. 10. Tlie latus rectum am lit lit u the 
double ordiuates of the ext n t sa f a f oal 1 d (to P p. I., 
Ex. 16). 

Ex. 11. PSp is a focal chord ; prove that AP, Ap meet the latus 
rectum in points wliose focal distances are equal to the ordinates of 
p and P respectively. (Apply Prop. I., Ex. 16.) 

Propositiok V. 

27(1; locus of the wAddle points of any system of parallel 
chords of a parabola is a straight line parallel to the 

Let QQ' be one of a system of parallel chords. Draw 
QM, Q'W perpendicular to thu directrix. Draw SY 
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PARABOLA. 11 

perpeudicular to QQ', produce YS to meet the directrix 
in K, and draw KV parallel to the axis. Then KV shall 
bisect QQ'. Join KQ, KQ', SQ, and SQ'. 




Then 


MK'~KQ'-3IQ' 
-KQ'-QS: 




[Kuc. I. 47 


But 


K(f=KY'+Qr' 




[Euo. I, 47. 


and 


QS'=sr'+Qr'. 




[Euc. I. 47, 


Therefore 


MK' = EY^-SY'. 






Similarly 


M'K' = KQ''-M'Q'' 

-Kq'-qs' 

-KY'-SY-'. 






Therefore 


MK-3TK, 






but, since KV is parallel to MQ and HfQ', 


Q8' 


is bisected 


at r. 








Now QQ' being fixed in direction and KSY being per- 


pendicular 


to it, KBY Ib a fixed straight line and iT is a 


iised point. 


Therefore KV, which is parallel 


to the axis. 
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12 GEOMETRY OP CONICS. 

is a fixed straight line biaccting all chords parallel 
to QQ'. 

Def. A diatneter of any curve is the locus of the 
middle points of a system of parallel chords drawn in 
the curve. 

It has just been proved that the diameters of a paraboJa are 
straight lines. It wul be shown hereafter that the diameters of the 
other conies are also straight lines. It should be observed, however, 
that a diameter is not necessarily a straigiit line for all curves. 

Def. The half chords (QV, Q'V) intercepted between 
the diameter and the curve, are called the ordinates to 
the diameter. 

Def. The abscissa of a point on a parabola with re- 
s])ect to any diameter is the portion of the diameter 
intercepted between the ordinate of the point and the 
parabola. 

Def. In the parabola, the vertex of a diameter is the 
point in which it cuts the curve. 

Ex. 1. The perpendicular from the foois upon a system of 
parallel chords intersects the diameter bisecting the chords upon 
the directrix. 

Ex. 2. If a system of parallel chords k 
the axis, their diameter passes through a 
rectum (see Prop. IV,). 

Ex. 3. A parabola being traced ou paper, find its focus and 

The direction of the axis is given by the sttaight line joining 
the middle points of a pair of parallel chords. The position of 
the axis is found hy observing that the middle point of any chord 
at right angles to its direction lies on iL At any point JV on the 
ajiis, draw a perpendicular to it NK—'iAJtf. Join KA, cutting 
the curve in L, which will be an extremity of the latus reotunt. 

Ex. 4 The diiference between the segments of any focal chord 
is equal to the parallel chord tbrongh the vertex. 

Ex. 5. QSfi is a focal chord ; ^M, Q'M' are pei^endicnlar to 
the axis. Show that MM' is equal to the parallel chord through 
the vertex. 
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PAItABOLA. 13 

Ex. 6. AP is any choril througli the vertex, anil PE is drawn 
at right angles to AP, meeting the axis in E. AE is eqnal to the 
focal chord parallel to AP. 

Ex. 7. The middle points of any two chords of a parabola 
equally inclined to the axis, are equidistant from the axis. 

Es. 8. If a parabola drawn through the middle points of the 
sides of a triangle ABG meets the sides again in a, 0, y, the lines 
Aa, B/3, Cy will be pai'ailel to eauh other. [Each is parallel to 



Peoposition VI. 

The parameter of any diameter of a parabola is f(ywr 
times the line joining the focus vnth the vertex of tlie 
diaTneter. 

Def. The parameter of a diameter is the length of the 
focal chord hisected by the diameter. 




Draw ^A' at right angles to the focal chord PSp, to 
meet the directrix in K ; draw PM, pm at right angles 
to the directrix, and KBV parallel to them. Then KBV 
is the diameter bisecting the chord FSp (Prop. V.). 
Join SB. 
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14 (JEOMETRY or CONICS. 

Then, since KSV is a right angle, and KB^BS, we 
liave 

KB^BS=B7, 
or KV=^2BS. 

Now, beeause Pp is bisected in F, 

Pp = PS+Sp = PM+pm 
= 2KV=iBS. 
Ex. 1. Given the leiigtii of a focal chord, Snd its position. 
Ex. 3. Draw a focal chord PSp, such that SP=3Sp. 

Proposition VII. 

The ordinate to any diameter of a parabola at any 
■point is a mean proportional to its parameter and 
the abscissa of the point luitk respect to the diaraeter 
(Q1^ = 4£S.£7). 




Let QQ' be any chord. Draw SF at right angles to it, 
and produce TS to meet the directrix in K. Draw KBV 



y Google 



PARABOLA. 16 

parallel to the axis, so that BY is the diameter bisecting 
QQ' in V, QF being the ordinate and BVthe abscissa. 

[rrop. V. 
Draw SV parallel to QQ', and QM, QI>, V'G at right 
angles to the directrix, .ff"Fand QQ' respectively. 
Then QD^^MK^ 

= KY'-SY^; [Prop. V. 

and, from the simikr triangles QVD, KVY, and WG, 
QD:QV=KY:KV 
= V'G:V'V 
= SY: V'V. 
Therefore QV^=KV^~V'T. 

But as KV is bisected in B, [Prop. VI. 

Kr^=V'V^+4-BV,BV', [Eucll. 8. 
Therefore QV^ = 4,BV.BV' 

^iBS.BV. [Prop.VL 

Ex. 1, If any chord BR meets QM and QQ' in L and A', prove 
th&t £L^ = BiV.BIi. 

Ex. 2. If QQ' meets any chord BR in #, and the diameter 
through B in I/', prove that §F»= VA'. FiV". 

Ex. 3. If QOQ' he any chord meeting the diameter 5 T in 0, 
and QV,^V ordinates to the diameter, then BO^=BV.BV: 

Let QB produced meet the diameter through Q' in E, and draw 
ER parallel to the ordinate meeting £Fproduced in R. 

'I-hen qV^-.gV^^BV^-.SV.Br. 

But QV^:BV^=Q'r^:£Jt^; 

BV.Br'=BR'i 
BV:BR=Elt:BV'; 
or BV:RV=BR:Rr. 

But BV:RV^QB:QE 

=BO:RV; 
BO=BR. 

Ex. 4. If POF he the chon! bisected by the diameter BO V at 
0,I'0^'=Qr.Q'r. 

Ex. 6. Through a given point, to draw a chord of a parahola 
which, will be divided in a given ratio at the point. 

Through the given point 0, draw the diameter BO. Then if F, 
V be the feet of the ordinates drawn through the extremities of 
the chord sought, it is dear that BW \BV is as the square of the 
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16 GEOMETRY OF CONICS. 

given ratio. Also, BV.BV'=BO^, whence the points V, V are 

Ex. 6. If any ciiameter intersect two parallel chorda, the rect- 
angles under the segmente of these chords are proportional to the 
segments of the diameter intercepted between the chords and the 

If QQ' be one of the chords meeting the diameter BV in V, and 
if be its middle point, 

qv. Q' V^QO'-OV^^iBS.BV. 

Ex. 7. §§' ia a fixed straight line, and from any point V in it, 
FB is drawn in a fixed direction such that .BF is proportional to 
QV .Q'V. Show that the locus of 5 is a parabola ^ssing through 
Q, Q' and having its axis parallel to BV. 

Ex. 8. Given the Ijase and area of a triangle, the locus of its 
orthocentre is a parabola. 

Ex. 9. 30, B'O' are any two diameters. A line is drawn 
parallel to the ordinate to BO, cutting the curve in D, and BO, 
BE, BO in 0, C, E respectively. Prove that Otfi=OC.OE, 
(Through B draw a parallel to EO.) 

*pROPOSITION Vill. 
If two chords of a parabola, intersect each other, the 
rectangles contained by their segments are in the ratio 
of the parallel focal chords. 




r.et the chords QQ' iind qq' intersect io a point 
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within the parabola. Bisect QQ' in V, and draw the 
diameters OR, VB. Draw EW parallel to QQ'. 
Then, because QQ' is bisected in F, 

QO . qO = QV^- OV^ [Eii^- 11- !■'■ 

^QV^-RW- 

^4^Br.BS-iBW,lSS [Prop. YTL 
= iB8. WV 
^iBS.OR 
Similarly, if bv be the diameter bisecting qq', 
qO.q'O^ibS.OR. 
Therefore QO.QV:qO. q'O - iBS : ibS ; 

that is, as the focal chords parallel to QQ' and qq' respec- 
tively. [Prop. TJ. 
The proposition may be similarly proved when the 
chords intersect outside the curve, 

Ex. I. If two intersecting chorda be pai'allel to two others, tln^ 
rectangles contained by the segments of tlie one pair are propor- 
tional to the rectangles contained by the segments of the other paii'. 

Ex. 2. Deduce Prop. III. 

Ex. 3. Given three pointa on a parabola ami the direction of 
the axis, construct the curve. 

Ex. 4. Inscribe in & given paiabolji a triangle having its sides 
parallel to tliree given straight lines. 

^PROPOatTION IX. 

// a circle intersect a parabola in four points tlteir 
common chords ivill be equally inclined, two and tivo, to 
tfte axis. 

Let Q, Q', q, q' be the four points of intersection. 
Then QO . Q'O = qO . q'O. [Euo. ni. 3r>. 

Therefore, the focal chords parallel to QQ' and qq' are 
equal to each other. [Prop. VIII, 
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And tliey arc therefore equally inclined to the axis, 
i-om the symmetry of the figure. (See also Prop. I., 




Therefore th cho 1 00' i/ a equally inclineil to 
the ixis 

Ii I kc iianne t miy h ho ti at tl o cl i It. Qi 
in \ J j a. ^\ell as the choid 1 "^ ^ 3 aeenil 
ncl ned to the ax 

h 1 If a le c t a [ a aU la fo n po t vo o e 
f the ai ^ d t vo on the otl e tl e s of tl e rdmites of tl e 
rat two IS eq mi to tha 8 m of tl « i atee of the otl e 
I o nlfa (See Prop V Ei. 7 ) 

E 2 If threa f tl e i mt a e the n e s de t tl e a- 
e 1 s e 1 1 o 1 I e f tl f 



Propobitiox X. 

If any ehord Q(^ of a pamhola intersects t/ie directrix 
in J), SD bisects the extei~ior angle between £Q rmd SQ'. 
Draw QM, Q'2r perpendicular tn the directrix. 
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Then, by similar triangles, 

QD-.qD^QM-.q'M' 

Thereibre SJ) bisects the exterior angle Q'Sq. [Yak:. V.I. A. 




Ex. 1. Irivoii tile focus aut! two points on a parabola. And the 
directrix. 

The point D, being tlie intersection, of the chord QQ' and the 
bisector of the Kiijde Q'Sq, is on the directrix, which toudies tlie 
circle deaoribed wifli § as centre and radius QS. 

Ex. 2. PQ, pq are focal chords. Show that Pp, Qq, as also Pq, 
pQ, meet on the directrix. 

If they meet the directrix in Ji, K', KSJC k a right angle. 

E.x. 3. Given the focus and tke directrix, trace the piu?aboIa by 
means of this proposition. (For othev conatmctions, aee Prop. 1., 
and Ex. 3, Ex. 3.) 

Determine the vertex A as the middle point of SX. Take any 
point 2> on the directrix ; make the angle J}Sp equal to the angle 
DSA, and let pS and BA produced meet in P. P is a point on the 
parabola. 

Ex. 4. § is a jx)int on the parabola. If QA pixiduced meet the 
directrix in D, MSB is a right angle, 

Ex. 5. PQ is a double ordinate, and PX ouf« tlie curve in P ; 
show that the focus lies on P'Q. 

Ex, 6, If two fixed points Q, </ on n parahola he joined with a 
third variable point on the cui've, the segment qq' intercepted on 
the directrix by the chotds QO, (/(> produced, subtends a eoTmtant 
angle at the focu.s. 
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20 GEOMETRY OF CONICS. 

Tiie angle 5S0' may be proved to be equal to half of tiw angle QSQ'. 

Ex. 7. If QQ' be a focal chord, the angle gS^ ia a right'tingle, 
and gA'. 2'X=(8enii-latu8 rectum)'. 

Ex. 8, Show that a straight line which meets a parabola will, 
ia general, meet it in two points, except when the line ia parallel to 
the aais, in which case it nieeta the curve in one point only ; aaid 
no straight line can meet the curve in more points than two. 

Let DQ' be any straight line which meets tlie directrix in D ajid 
the curve in §'. Make the angle DSq eqiial to the aiigle DSQ', and 
let 2S,i)§' intersecting. Then since 

SQ:SQ'=QD : Q'B=QM:qM; 
9 is a point on the curve. If, however, DQ' be parallel to the axis, 
qS will coincide with the a^s, and D'Q' will meet the parabola in 
the point Q' only (the other point of intersection in this case being 
really at infinity). Agaiu SQ, SQ', being equally inclined to BS, if 
there be a third point of intersection ^, SQ, *S§" will make the 
same angle with DS, which is impossible. 



PROPEETIES OV TAJ^GENTS. 
Def. A tangent to a conic is the limiting position of a, 
chord whose two points of inter.'^ection with tlie curve 
have become coincident. 




Thus, if P and F' be two points on a cooic, and if the 
chord PP' be so turned about P that P' may approach P, 
then in the limiting position when P' moves up to P and 
coincides with it, the chord becomes the tangent to the 
conie at P. 

Again, if a chord PP' moves parallel to itself until P 
and P' coincide at a point B on the conic, PP' becomes 
in its limiting position the tangents to the curve at the 
point J)'. 
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Hence, a tangent may be said to be a straight line 
which passes through two ccmseeutive or coincident 
points on the curve. 

It will be seen that, generally, to a chord-property of a 
conic, there corresponds a tangent-propeiiy. 

Thus, in Prop. V., if the chord QQ' moves parallel to 
itself until Q* coincides with Q at the point B on the 
curve, the chord in this its limiting position becomes the 
tangent to the parabola at B, which is thus seen to be 
parallel to the system of chords bisected by the diameter 
BV. (See Prop. XI.) 

* Again, in Prop. VIII., let the chorda QQ', qq' intei'sect 
at a point outside the parabola. Let the chord OQQ' 
be made to turn about the point 0, until Q' coincide.^ with 
Q at a point R on the curve, so that OB becomes the 
tangent to the curve at the point B, and OQ, OQ' become 
each equal to OB. In like manner, let Oqq' be made to 
turn about the point 0, until q' coincides with g at a point 
r on the curve, so that Or becomes the tangent to the 
Curve at the point r, and Oq, Oq', become each equal to 
Or. Hence, we J^ave the following proposition : — 

The squares of any two intersecting tangents to a 
parabola are in the ratio of the parallel focal chords. 

Ex. 1. If OTO' be the tangent to a parabola at T, aiicl if OFQ, 
OFQ' be a pair of parallel chorda, 

OTi : O'T'^OF. OQ : OT . Oq. 
Ex, 2. If TO(f be tlie tangent to a parabola at T, OP a tangent 
from 0', and OPQ a chord parallel to OP, cutting the chord of con- 
tact FQ in li, prove that 0P.Oq= Om. 
From Ex. 1, 

OP.Oq : 0'r-==0'P^ : ffT^ = OR^ : OTK 
a. Prop. XXI., Ex. 8. 

* Next, in Prop. IX., suppose q to coincide witli Q, and 
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therefore also with ; then the cii'cle and the parabola 
will touch each other at 0, the chords OQ', oq' being 
equally inclined to the axis. Hence 

If two chords OP, OQ of a parabola are equally inclined 
to the axis, the circle round OPQ touches the parabola 
at 0. 

Ex. If 
to the curv{ 

Similarly, if a circle touches a parabola at and cuts 
it again in P and Q, the tangent at and PQ are equally 
inclined to the axis. 

Ex. If a circle touches a paialxila at and cuts it in I' and. t^, 
and FU, QV vt^aXlel to the axis meet the eii-ele in U, V, show that 
T'V is parallel to the tangent at 0. 

Again, consider Prop. X. Let the chord QQ' be made 
to turn about Q, until Q' coincides with Q, so that the 
chord becomes the tangent to the parabola at the point 
Q. The angle QSt^ vanishes, and, therefore, the exterior 
angle Q'Sq becomes equal to two right angles. But 
since iSi> always bisects the angle (^Sq, SB will, in this 
limiting position, be at right angles to SQ. Hence the 
following proposition :— 

The tangent to a parabola from any point on the 
directrix, subtends a right angle at the focus. (See 
Prop. XII.) 

Def. -A- circle or a conic is said to touch a conic at a 
point P when they have a covivion tangent at that 
point. 

Propositioiv Xr. 
The tangent to n parabola at ifn point of intersection 
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ivith a diameter is parallel to the spdeiii of rhovdn 
bisected, hy the diameter. 




Let BV he the diameter bisecting a systoni ol' cUordw 
pai-allel to QQ'. 

Let QQ; be made to move parallel to itself, m that (,> 
may coincide with V. Since QV is always equal to Q'V 
(Prop, v.), it is clear that Q' will also coincide with B, or, 
the chord in this, its limiting position, will be the 
tangent to the parabola at B. 

E.\. Draw a tau3:eiit tn a imrrtbola uvikiiig a given angle with 
tlie axis. 

PROPOSITIOX XU. 

The portion of the tangent to a parabola at amy point, 
'i/nt&rc&pted between that point and the directrix, fmbtendx 
Ik right angle at thefocivs. 

Let any chord QQ' of the parabola intersect the directrix 
mZ. 

Then SZ bisects the exterior angle Q'Sq. [l'ro|). X. 
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Now, ]et the chord Qi^ he made to turn about Q until 
the point (^ moves up to and coincides with Q, ao that 




the chord heconies the tangent to the parabola at Q. lu 
this limiting position of the chord QQ\ since Q and Q' 



coincide, the 
angle Q'Sg becomes 




vanishes, and therefore the 
1 to two right angles. But since 
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SZ Jilways bisects the angle Q'Sq, in this cas^e the angle 
QSZ is a right angle. 

Ex. 1. If a line §^ meeting tlie curve in Q and tlie direeti-ix iu 
Z, subtend a right angle at the foetw, it will be the tangent to the 
curve Bkq. 

Ex. 2. The tangents at the extremities of the hitiin reiifcuni meet 
the directrix on the axis produced. 

* Proposition XIII. 
If from anypoinf on the tangent at P of a parabola 
perp&ndicvlarB OU and 01 "be drawn to SP and the 
directrix respectively, then 




f PJI [lei'poiidiculiir to the dil■ectl■i^ 
3 Z^P is a right angle, [Fm],. Xl 

^S is parallel to OIT. 

Therefore, by similar triangles, 

SU:SP^ZO:ZP 
= OI:PM. 
But SP^PiM; 

therefore SU^OL 
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Thia property of the jiavabola is the partieular case of a geueiiil 
property of all conies discovered by Adams. 

Ex. If a line OP meet the parabola at P, and 0/, OU beini' 
drawn at right angles to the direetrix and i?/* respectively, SU=Ol, 
tlien OP w3l be the tangent to the curve at P. 

PllOPOSITION XIV. 

The tangent at any point of a 'parahola bisects the 

angle which the focal iMsta/nce of the point mafee iintli. 

tJte perpendi&idar draivn fro^n the point on the directHx, 

and conversely. 




Let the tangent at the point F meet the directrix i 

]Ji'aw PM perpendicular to the directrix, and join SP, 8Z. 

Then, since the angle FSZ is a right angle, [Prop. XII. 

Also Pir^+MZ"-^PZ-^- [K"c. 

therefore ^r^ + SZ"- = P2I' + MZ-. 

But SP = FM; 

therefore SZ^MZ 

Now, in tiie two triaiigle^ ZPM, ZPti, tlie tvv'o Hidea 
PM, MZ are respt-ctivuly equal to the two sides SP, SZ, 
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and the side PZ is common ; therefore the two triangles 
■M-Q equal, and the angle 8FZ is equal to the angle MPZ, 
that is, PZ bisects the angle SPM. 

Conversely, if PZ bisects the angle SFM, PZ is the 
tangent at P. For, if not, and if possible, let any other 
line PZ' be the tangent at P, then by what has been 
proved PZ' will bisect the angle SPM, which is im- 
possible ; therefore PZ is the tangent at P. 

Note. — It may be shown from the definition of the parabola tlia-t 
the straight line which bisects the angle between iS'Pand iW can- 
not meet the curve again in any other point ; heuce PZf!Ov\A also 
be the tangent to the parabola at P, according to Euclid's definition 
of a tangent. 

Corollary. — The tangent at the veitex of a, piirabola is at right 
singles to ^e axis. 

Ex. 1. Show how to draw the tangent at a given point of ii 
parabola. 

Ex, 2. Draw a tangent to a parabola making a given angle with 
the axis. 

Ex. 3. If tlie tangent at P meets the axis in T, SP=ST. 

Ex. 4. Two patabolaa haiethe sime focns ind then axes In the 
aame straight line but m opposite directions Piove that thej 
intersect at right angles. 

iVo(e.~Two curves are said to interae t at rif,ht angles whei 
their tangents at a common point arp at ri^ht angles 

Ex. 5. Given the -vertex of a diamebei of a parabola and a 
issrreBpondhig double ordinate u nstiuct the cur^ e ( ipph 
Prop. VII.) 

Ex. 6. If ZP be prodnced U F tlie angles M'R a d MPR iie 

Ex!?. P.?bisects Sy at n,ht angle'! 

jEx:. 8. Any point on the tangent tt / is eq nli tint ft n 
J/" and S, 

Ex. 9. If the tangents to the parabola at Q ani ^ meet m ft 
and §3f, S'JI/'be the perpendicnlar^ on the directrix frcm <2 and § 
OM, OS, OW are all equal 

Heaee deduce, bi analvaia the construction foi Prop XVII 
namely, to draw two tangents t a jai-ahila from an external 
point 0. 

Ex. 10. The tangent at an\ point of i (larabcla meets the 
directrix and the latus red;um m two j auts eq ndistant from the 
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Ex, II. The focal distance of any point on a mraljola is equal to 
tiie lengtli. of tlie ordinate of that point produced to meet the 
tangent at the end of tte latus reutum. (See Prop. XII., Ex. 2.) 

Ex, 12. is a poiat on tlie tangent at P, such that the perpen- 
dicular from on SP ia equal to IAS ; find the locus of 0. (A 
parabola of which the vertex is on the directrix of the given one. 
Apply Prop. VII., Ex. 7.) 

Ex. 13, If a leaf of a boob be folded so that one conier moves 
along an opposite side, the line of the crease touches a parabola. 

Let the leaf BOXS be so folded that S coineidea with a point M 
on OX; let tlie crease TT meet XS, BS in T, T respectively. 
Draw MP at right angles to CX, meeting TT in P ; join HP. 
Then SP=PM, lSPT^lMPT; TT, therefore, touches at i" a 
parabola, of -which the focua ia 8 and directrix 0. 

Def, The portion of the axis intercepted between tiie 
tangent at any point of a conic and the ordinate of that 
point is called the svMangent. 

* Proposition XV. 
The avhtcmgetit of any point of a parabola is bisected 
at the vertex, that is, is equal to double the abscissa of the 
point tvith respect to ike a.>'U. 




Let the tangent FT at P meet the axis 



y Google 





PAEABOLA. 


29 


PN, PM perpendicular to the iixi» and 


directrix re- 


spectivoly. 






Then, the angle SJ'P = the angle TFil 






= the angle TP&. 


[PL-op. XIV. 


Therefore 


ST-SI'-PM^XX. 




But 


AS=AX. 




Therefore 


AT^AS, 




or 


XT=SAK 





Ex. i. If T is the middle point of AX, prove that JV is the 
middle point of AS. 

Ex. 2. The radius of the circle described roiiud the triangle TPN 
is ^l{SP. AN). 

Ex, 3. The locns of tlie middle points of the focal chords of a 
parabola is another parabola haviug the same asis and passing 
through the focus. (Apply Prop. VIL, Ex, 7.) 

Ex. 4. Tlie diameter through F meeta at JS, a rin;lit line through 
a paraOel to the tangent at P. Prove tliat the locus of E is a 
parabola. 

If En. be perpendicular to the axis, nS=A'T=2AN. If ,5" be 
taken on the axis, such that 2SS' =AS, the relation PlT-^i^AS. AN 
gives En^=4JSS' , Sn, showing the locus to be a parabola whose axis 
coincides ■witb. that of the origiual one, whose vertex ia at S, and 
iatus rectum half that of tlie original paiabola. 

Ex. 5. I£ SM meets FT m ¥, ]fr= TY. 

Ex. 0. If the tangent at F meets the tangent at the vertex in 
r,A7^=AS.AN. 

Ex. 7. If SE be the perpendicular from S ou the line through F 
at right angles to PI', show that SE^ = AN.SF. (2SE=PT, 
Apply Prop. IT.) 

Es. 8. Given the vertex, a tangent and its point of contact, con- 
struct the curve. 

Produce PA to P, such tliat AP'^AP ; if the circle on AP as 
diameter meets the tangent at P iu. T, FA is the axis. Then applv 
Prop. SIT. 

Ex. 0. Find the locus of the intersection of the perpendicular 
from the vertex on. the tangent at any point with the diameter 
through that point. (A right line jjarallei to the directrix. Apply 
Prop. IV.) 
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* Proposition XVI. 
The tangents at the extreviities of a foml chord of a 
parabola intersect at right angles on the directrix. 




Draw &Z at right angles to the focal chord PSji, meet- 
ing the directrix in Z. Join PZ, pZ, and draw PM, jim 
perpendiculai's to the directrix. 
Then ZP' = Z,9+SP^ 

= ZiP + PM\ [KiK-. 1. 47. 

But HP--=^PM. 

Therefore ZS^ZM. 

Therefore from the triangles ZSP and ZMP, the angle 
fi'P^-the angle MPZ, and the angle SZP = ihe angle 
MZP. [Enc. I. H. 

Similarly, 

the angle ,5^Z=the angle mpZ, 
and the angle 8Zp — i\i& angle mZp. 
Therefore, PZ and pZ are the tangents at P and p. 
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Also, 

the angle I'Zj^> ^ ^ the iingle MZ>i+ }. the anglo mZS 
= ono right angle 

Mx. 1. Show that i/ia is bisected in Z. 

Ex. a. If two tangents be drawii to a pai'alxiia ii-oiii iiiiv ]H)iiit 
on the (lireetrii, they sImJI be at right angles, 

Ex. 3. If peniendiculaia through P,P, to ZI', Zp veajiectively, 
meet in 0, the distance of from the directrix varies as PtS.pS. 
(Apply Prop. III., Ex. 4.) 

Ex. 4. Find the locus of in Ex. 3. [A |Kim,bola having tlie 
same axis as the given one.] 

Ex, 5. Show that the oirele described on the focal ohonl I'p a.s 
diameter touches the directrix at Z. 

Ex. fl. If a circle described upon a choril of a pai'abola as 
diameter meets the directrix, it also touches it ; aud aU chords for 
which this is possible, intersect in a fixed point. [The focus.] 

The distance of the middle point of the chord from tlie diTeetri:i 
is always greater than half the chord, unless the chord passes 
through the focus. 

Ex. 7. Tangenta at the extremities of a foca! chord cnt off Br[ua! 
intercepts on the latus rectum. (Apply Prop. XIV., Ex. 10.) 

Ex, 8. Prove that SM, Sm are respectively parallel to Zp, ZP. 

Ex. 9. The locus of the intersection of aay two tansrents to a 
])arabola at right angles to each other, is the directrix. 

Ex. 10. Given two tangents at light angles, and their poiiitu of 
contact, construct the curve. 



Proposition XVli. 

To firc'.iv tivo tangents to a parabola from an eMern<d 
poifU. 

Let be the external point. With centre and 
radius OS, describe a circle cutting the directrix in M 
and jif. Draw 2fQ, M'Q' at right auglea to the directrix 
to meet the parabola in Q and Q'. Join OQ and OQ'; 
these shall be the tangents required. 

Join OS, OM, OM' SQ and SQ'. 
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Then, in the triangles OQM, OQS, the sides MQ, QO a 
qual to the sides SQ, QO respectively, and OM is equ 




to OS. Therefore the angles OQM, OQS are equal. 
Therefore OQ is the tangent to the parabola at Q. 

[Prop. XIV. 
Similarly, OQ' is the tangent at Q'. 

Note. — For an aiiaij'^ of the construction, see Prop, XIT,, Ex. 9. 

It should be observed tlmt in order that the conatructioii may be 
possible, the eirole d^erihed with as centre and with radios OS 
mnst meet the directrix, that is, the diatanee of from S must he 
either greater than or equal to its distance from the directrix. 
Hie former ia the ease when the point is oatside the parabola 
(Prop. I., Ex. 7) ; and as to this case the circle must intersect the 
directrix in. two points only, it foUowa that two tangents, and no 
more, can be drawn to a parabola from an external point. In the 
second case the point is evidently on the parabola, and the circle 
touches the directrix, that ia, meets it in two coincident points ; 
the two tangents in this case coincide, that ia, only one tangent can 
be drawn to a, parabola at a given point on it. The distance of 
any point inside the parabola being less than its distance from 
the directrix (Prop. I., Ex. 6), no tangent can he drawn to a 
paraholu. from any point -withiti it. 
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Ex. I. If the point be on the d t x, li w f m the 
construction that the tangents interae t gh a 1 

Ex. 3. If be on the asia produc d t a d tan f it the 
vertex vi = J^S, the figure O^SQ* Willi a 1 mbts 

Ex.3. Alteraatioe Constrwtion. — W th tl g n p as 
centre and radiua OS, describe a ciro! ut 1 d t n 

M and M". The perpendiculare from up n &M and S3f w II, 
when produced, touch the curve. (See P pi Ex 3 ) 

Ex. 4. AlCematiDe Construction. — In tl figu f P p XIII , 
taking as the given point, draw 01 t ht a gl t the 
directrix. With centre S and radius equal to 0/ 1 b 1 ; 

and from draw OH and OW tangents to thia ciicle. Sb, SU' 
produced will meet the parabola in the points o£ contact of the 
tangents from 0, (See Prop. XIII., Ex.) 

For another alternative eonatruction, see Prop. XXIII., Ex. 13. 

Proposition XVIII. 

The two tangents OQ, OQ' of a parabola subtend equal 

a/ngles a,t the focus; and the tHangles SOQ, SOQ' are 




With centre and radius OS, describe a circle cutting 
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the directrix in M and M'; draw MQ, M'Q' at right angles 

to the directrix to meet the curve in Q, Q'. Then OQ and 

OQ are the tangenta to the curve from 0. [Prop. XVII. 

Join OM, OM', OS, SQ. SQ', and SM, cutting OQ in ¥. 

In the two triangles JlfQFand 8QY, the sides MQ, QY 
are equal to the sides SQ, QY, and the angles MQY, SQY 
are equal ; [Prop. xrv. 

therefore the two triangles are equal in every respect ; and 
the angles MYQ, SYQ are equal, each being thus equal to 
a right angle. [Euc. L 4. 

Now, the angle ,SQO = the angle MQO, 

and the angle MQO = i'iie angle SMM', 

each heing the complement of the angle QMY. 

Therefore 

the angle ySQO = the angle SMM'. 
But the angle SMM'^^ the angle SOM', [Ei^c. III. 20. 
and from the equality of the triangles SOQ', M'OQ', 

[Prop. XVII. 
the angle fi'OQ'-the angle M'OQ', 
or, the angle SOQ' = ^ the angle SOM'. 

Therefore the angle )SQO = the angie SOQ. 

Similarly, the angles QOS and OQS are equal, as also 
the remaining angles QSO, Q'SO. 

Therefore the two triangles SOQ, SOQ' are similar. 

Ex. 1. Prove that 

(i.) SQ.S^=SO^; (ii,) oq'-.oq^^^sq-.sq: 

Ex. 2. If two tangents drawn from any point on the axis be cut 
hy any third tangent, the points of intersection are equidistant 
from the focus. 

Ex. 3. The angle subtended at the focus by the segment inter- 
cepted on a variable tangent by two fixed tangents, is consfant. 

Ex. 4. OS and a line through parallel to the asis make equal 
angles with the tangents. 
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Ex. 5. The straight line bisecting the angle QO(i' nitets tl\e iixis 
in R ; prove that SO=SR. 

-Bs. 6. If two tangents drawn from any point on the axis be cut 
by a third tajisent, their alternate seements are equal. (Cf. Prop. 
XXL, Ex. 10.) 

Ex. 7. If the taiigeut and norma) at any point P of a parabola 

meet the tangent at the vertex in K and L respectively, prove that 

Ji:Z^:SP^=SP-AS:AS. 

Ex. fi. If from any point on a. given, tangent to a parabola, tan- 
gents be drawn to the curve, the angles which these tangents make 
with the focal distances of the points from which they are drawn, 
are all equal. 

Each angle is equal to the angle between the given tangent and 
the focal distance of the point of contact. 

Ex. 9. Of the two tangents drawn to a parabola from any point, 
one makes with the axis the same angle as the other makes with 
the focal distance of the point. 

Ex. 10. Two parabolas have the same focus and axis, with their 
vertices on the same side of their oonunon focus, Tangents are 
drawn from any point S" on the outer paa-abola to the inner one. 
Show that they are equaOy inclined to the tangent at P to the 
outer curve. (Apply Ex. 9, and Prop. XIV.) 

Ex. 11. If the tangent at any point R meets OQ, OQ' in q, <(, 
show that §o ■.qO'^0'^ ■.q'Q' = qB : Rq'. 

[The triangles OqS, Aq'S are similar.] 

Ex. 12. If tangents be drawn from any point on the latus rec- 
tum, show that the semi-latus-rectum is a geometric mean between 
the ordinates of the iwints of contact. (Apply Prop. I., Ex. 16, and 
Prop. IV.) 

Ex. 13. If PF, P' l" be two diameters, and P-F, PF' ordinates 
to these diameters, show that PF=PF'. (Apply Prop. VII. and 
Ex. I.) 

Ex, 14. If one side of a triangle be parallel to the axis of a par- 
abola, the other aides will be in the ratio of the tangents parallel 

PHiiPOSITIOIy XIX 

The exterior angle beiueen amy two tamgents to a, 
parabola is eqiuil to the niiqle whith either of them 
svhtends at the /"cc^ 
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Let OQ and OQ' be the two tangents, and S the focus. 
Join SO, 8Q, and SQ'. 

The angle iSOQ' = the angle SQO. [Prop. XTIII. 

To each of these equab add the angle SOQ ; therefore the 
aaglew SOQ and SQO are together equal to the angle 
QOQ'. But the exteiior angle HOQ' is the supplement of 




tlie angle QOQ' (Kuc. I. 13), and the angle OSQ is the 
supplement of the angles SOQ and SQO (Eue. I 32), 
Therefore 

the angle HOQ' = the angle OSQ 

= the angle OSQ'. [Prop. XVIII. 

Ex. 1, Two teiigeuta to a parabola, and the points of contact of 
onis of them being given, prove that the locus of the focus ia a circle. 

The circle may be shown to pass through the given point of con- 
tact and the intersection of the tangents, and to touch one of them. 

Ex. 2. If a parabola touch the aides of an equilateral triangle, 
the focal distance of any vertex of the triangle passes through the 
point of contact of the opposite side. 

Ex. 3. Given the base AB and the vertical angle C of a triangle 
ACS, &id the locus of the focxis of a parabola touching C'A, CB in 
A and B. 

Ex. 4. E is the centre of tho circle described al;out the triangle 
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Ex. 5, A circle paaaiiig through the focus cuts the paraliola in 
two ^ints. Prove that the exterior angle hetween the tangents to 
the circle at those points is four times the complement of the exterior 
angle between the tsuigents to the parabola at the same points. 



*Peopositios XX. 

The circle circwm&cribing the triangle formed by any 
three tangents to a parabola passes through the foetid. 




Let the three tangents at the points F, Q, R form the 
triangle pqr. 

Join SP. Sp, Sq, Sr. 

The angle Srp^ths angle SPr, [Prop. KVlll. 

and the angle .S2^> = the angle SPr; [Prop, XVIII. 

therefore the angle iS'rp = the angle Sqp. 

Therefore the points p, q, r, S lie on a circle, or tlie 
circle round the triangle pqr passes through the focus. 

Ex. 1. What is the locus of the foeus of a paraliola wLii:h 
touches three given straight lines ? 
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Ex, 2. A parabola touches each of four straight lines given in 
position. Determine its focus. 

The four circles circumscribing the four triangles formed by the 
given straight lines, will intersect in the same point, namely, the 
focus required. Hence, the curve may be described. (See Prop. 
SXIII., Es. 5.) 

Ex. 3. If through y^, g', r lines be drawn at rigiit angles to ;S^, 
^5, Sr respectively, they will meet in a poult. 

Ex. 4. Prove that the orthocentre of the triangle pgr lies on 
the directrix. (Apply Prop. XII.) 

*Pe0P08ITI0N XXI. 

If through the point of intersection of two tangents to 
a parabola a straight Une he drawn ]ya,ralhl to the axis, 
it loill bisect the chord of contact. 




Let OQ and OQ' be the two tangents, and let OV 
drawn parallel to the axis meet Ql^ in V and the 
directrix in E. Draw QM and Q'M' perpendicular to 
the directrix, and join OS, OM, OM'. 
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Then OM^OS^OM'. [Prop. XVIL 

and on, which is drawn at right angles to the base of 
the isoacelea triangle OMM', biaects it. 

Therefore MR=M'R. 

But since MQ, RV, M'(^ are parallel to one another, 

QV-Q'V=MR-M'R- 
therefore Q^ =Q T 

or, QQ' is bisecte I n T 

Ex. i. The ta g t t th t m t f y 1 d f 
parabola meet on th d t b ect tl t h d. 

Ex. 2. The ci I y f cal h d as d im t to h th 

directrix. 

Ex. 3. The at -a ht I draw th £,1 th t t f 
focai chord at right gl t th ta ^ t t th po t t 

the diameter bise t ^ tl h d 

Ex. 4. Givea two tangents and their iwinta of contact, find the 
focuB and directrix. 

Ex. 5. Given two points P,Q ons. parabola, the tangent at one 
of the points P, and the direction of the axis, construct the curve. 

If the tangent at P meets the diameter bisecting PQ in T, TQ is 
the tangent at Q. Hence the focus by Prop. XIV. , 

Ex. 6. If a hne be drawn parallel to the chord of contact of two 
tangents, the parts intercepted on it between the curve and the 
tangents are cquaL 

Ex. 7. OP, OQ are two tangents to a parabola, and F is the 
luiddie point of PQ. Prove that OP. uq = 20S.0V. 

On ^0 produced take Oq=OQ; then apply Prop. XVIII. to 
show that the triangles POQ' and OSQ are similar. 

Ex. 8. If from any point a tangent OTand a chord OPQ be 
drawn, and if the diameter TR meet the chord in R, prove tliat 
OP. OQ=ORK (Cf. Tangent Prcperties, Ex. 1, 2.) 

Draw the tangent KO P' parallel to the chord, meeting R T in K, 
07" produced in 0, and the curves in i^. Draw the diameter ffR 
bisecting TP', so that ffP'^Kff. Then 

OP. OQ : OT^=aP'^ : OT^=0K^ : OT^^OB^ : OTK 

Ex. 9. Given a chord PQ of a parabola in niagnitnde and 

Eoaition, and the point R in whicli the axis cuts the chord, tlie 
)ous of the vertex is a circle. 

If the tangent at the vertex meets PQ in 0, OP.OQ^Ol^. 
.-. is a fixed point ; OR=PR.RQI{PR-RQ). 



y Google 



40 GEOMETRY OF CONICS. 

Ex. 10. The tangents from an external point are divided by 
any third into segments having the same ratio. 

In fig. Prop. XX., draw the diameters ly, QQ, q<l, pp', meeting 
PR in !■', Q', q\ p'. Then 

Pr:rq = rQ:Qp = qp -.pR. 
(Of. Prop. XVIII., Ex. 11.) 

Ex. n. The tangent parallel to §§' bisects 0§, OQ'. 

Ex. 12. If S be the centre of the circle through 0, §, Q, OE 
subtends a right angle at S. (Apply Prop. XX,, and Ex. 11.) 

Ex. 13. If OQQ' be a right angle and QN the ordinate of Q, 
prove that QQ' ; OQ===QN:AN. 

(Cf. Prop. XVI.) 

* Proposition SXII, 

I/QVis the ordinate of a ddameter PV of a parabola, 
and the tangent at Q meets VP produced in 0, then OP 
sltoM be equal to PV. 




Let the tangent at P meet OQ in jR ; through R draw 
the diameter PW, meeting PQ in W. 

Then, since BP, BQ are a pair of tangents, 

QW=PW. [Prop. XXL 

Ako, BP is parallel to QV; [Prop. XI. 
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therefore OP-.FV-OB-.BQ 

-PW:WQ. 
Bat PW=WQ; 

therefore OP-PV. 

Ex. 1, Tamgents at the extremities of all parallel chords meet 
on the same straight line. (Cf. Prop. XXI., Ex. 1.) 

Ex. 2. Given a tangeat and a point on the curve, find the locus 
of the foot of the ordinate of the point of contact of the tangent, 
with respect to the diameter through the given point. [A right 
line parallel to the tangents] 

Ex. 3. If r= § F, is on the directrix. 

Ex. 4. If the diameter PV meets the directrix in 0, and the 
chord drawn through the focus parallel to the tangent at P in V, 
prove that VP=OP. 

Ex. 5, If Og, OQ' be a pair of tangents to a parabola, and OQQ 
be a right angle, 06 will be bieeeted by the directrix. 

Draw the diameter OPFauii the tangent at P. (See Prop. XVI., 
Ex. 9.) 

Ex. 6. If gF be an ordinate to the diameter PV, and pn meet- 
ing PQ in n be the diameter bisecting PQ, prove that PV=ipv. 

Ex. 7. PQ, PR are any two chords ; they meet the diameters 
through R and § in F and E. Show that EF is parallel to the 
tangent at P. 

Ex. 8. If from the point of contact of a tangent a chord be 
drawn, and any line parallel to the axis be drawn meeting the 
tangent, cnrve, and chord, this line will be divided by them in the 
same ratio as it divides the chord. 

Let the diameter RBV bisecting the chord Q(^ in F meet the 
tangent at Q in R. Draw the line rhv parallel to the axis, cutting 
the curve and chord in b and v. Then 

Qo-.w^qV-.VR 
= eF:3F5. 
But QV^^ABS.BV; (Prop. VI I.) 

QV:2BV=WB:QV; 
Qv.QV^'iSB.vr. 
Also qv.Q'v = iSB. vb i (Prop. VIII.) 

QQ':^v=rv:vb; 
Qv: ^'v-^rh ibv. 
This is a generalisation of Prop. XXII. 
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Proposition XXIII. 



The locus of the foot of the perpendicular from the 
focus upon any tangent to a, parabola is the tangent at 



the 




Draw ST perpendicular to the tangent at F, meeting 
it in K It is required to show that T lies on the 
tangent to the parabola at the vertex. 

Draw PM perpendicular to the directrix, and join 
MY, AY. 

Now, in the two triangles MPY, SPY, the sides MP, 
PY are equal to the sides SP, PY respectively, and the 
angle ifPF= the angle SPY. [Prop. XIV. 

Therefore the angle PYM=the angle PYS 

= one right angle ; [Euc I. 4. 
therefore MY and YS are in the same straight line. 

[Euc. 1. 14. 

Now, since SY^ YM, 

and SA = AX, 

AY is parallel to MX, [Euc. VI. 2. 
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and is, therefore, the tangent to the parabola at the 
vertex. [Prop. XIV., Cor. 

Ex. 1. Show tliat Sr^=AS.SP. [The triangles SFP, iSYA 
are similar. See Prop. XVIII., Ex. 1.] 

Ex. 2. Show that SMis liiseeted at right angles by the tangent 
at P. 

Es. 3. If the tangent at P meet tlie a^ia in T, and PJV he the 
ordinate of P, prove ttat PT. TY=NT. TS. 

Ex. 4. If the vertex of a right angle, one leg of which always 
passes through a fixed point, moves along a fixed right line, the 
other leg will always toach a parabola. 

The fixed point will be the focus, and the fixed right line the 
tangent at the vertex, whence the directi'ix ia known. 

Ex. 6. Given two tangents and the focu3 of a parahola, find the 
directrix. 

The line joining the feet of the perpendiculars from the fooiia on 
the given tangents, is clearly the tangent at the vertex. 

Ex. 6. Prove that straight lines perpendicular to the tangents 
of a parabola through the points where they meet a given fixed line 
paraUel to the directrix, touch a confocal parabola. 

Ex. 7. The focus and a tangent being given, the locus of the 
vertex is a circle. 

Ex. 8. Given a tangent and the vertex, find the locus of the 
focus. [A parabola, of which A is the vertex and the axis the 
perpendicular through A on the tangent. Apply Prop. VII. Ex. 7.] 

Ex. 9. The circle described on any focal distance as diameter, 
touches the tangent at the vertex. 

Ex. 10. PSp is a foca! chord ; prove that the length of the coni- 
mou tangent of the circles described on Sp, SP ua diameters, is 
^{AS.Pp). 

Ex. 11. Prove that 

(i.) PY.PZ^PSU 

(ii.) pr.r2=As.sp. 

Ex. 12. A circle ia described on the latus rectum as diameter; 
PQ touchy the parabola at P and the circle at Q ; show that SP 
SQ are each inclined to the latus rectum at an angle of 30°. 

Ex. 13. Altemativo Construction for Prop. XVII, 

Let be the external point ; on OS as diameter describe a circle ; 
the lines joining with the points of intersection of this circle with 
the tangent at Sie vertex, wiU be the required tangents. 

Ex. 14. In the figure of Prop. VII., prove that QJP^iAS.BV. 

Let the tangent at B nieet the axis in T, and the tangent at A in 
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r. Then SFZ is a right angle, and the triangles QD V, YAT are 
similar (Prop. X[.) 

.-. Qlfi:QV^=TA^: YT^=AS : TS=AS:BS. 
But QIP = iBS.BV. (Prop. YII.) 

gV''=4:AS.SV. 
Ex. 15. Given the focus and two tangents, conatrnct the curve. 
[Bi. 6]. 

Ex. 16, Given the focus, axis and a tangent, construct the par 
abola. 

Ex. 17. Given the focus, a point P on the p'uibola, aad the 
length of the perpendiciilar fioni the focus m tlie tangent at F 
construct the curve. 

Hid tie IciJtth cf the la.us 

Ex. 19. If a parabola roll upon anothei equAi parabola, the 
vertices origiiiaUy coinciding, the focus of the one tiates out the 
directrix of the other, phe Ime joining the foci m aiij position 
cuts at right angles the common tangent^ 



PlIOPEETIES OF NORMALS. 

Def. The straight line which is drawJi through any 
point on a conic at right angles to the tangent at that 
point is called the normal at that point. 

Def, The portion of the axis intercepted between the 
normal at any point of a conic and the ordinate of that 
point is called the subnormal. 

Proposition XXIV. 
The normal at any point of a parabola makes equal 
angles with the focal distance and the axis. 

Let the normal PG and the tangent PT at any point 

P on the parabole, meet the axis in G and T respectively. 

Join 8P and draw PM perpendicular to the directrix. 

Then the angle SPT= the angle TPM [Prop. XIT. 

-the angle OTP. [Euc. I. 29. 
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But the angle TPQ being a right angie is equal jto t 
sum of the angle STP and 8GP. [Euc. I. 

Therefore the angle SPG = the angle SGP. 




Ex. 1. Prove that ST^SP^SG. 

Ex. a. The normal at any point bisects the interior angle 
tween the focal distanue and the diameter through that point. 

Ex. 3. The focus ia equidistant from PT and the straight line 
through G parallel to PT. 

Ex. 4. From the points where the normals to a parabola meet 
the axis, lines are drawn at right angles to the normals ; show 
that these lines touch an equal confocal paralxila. 

Ex. 5. A chord PQ of a parabola is normal to the curve at P, 
and subtends a right angle at S ; show that SQ=2SP. 

Ex. 6. Prove that SM and PT bisect each other at right angles. 

Ex. 7. If the triangle SPG ia equQateral, TG subtends a right 
angle at M. 

Ex. 8. Piove that the pumts S, P, M, f he on a circle which 
touches P& at P 

Ex. 9. If in Ex 8 the radm-, of the ciicle is equal to MZ, the 
triangle SPO is equilateral 

Ex. 10. FSp IS a local i,hoid , pG is the noimal at p ; OH. is 
perpendicular on the tangent at P Piove that K lies on the 
latus rectum (Of Prop XIV , Ex 10 ) 

Ex. 11. If PF, PS" be drawn to the axis, making equal angles 
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with the normal PG, prove that SCP=SF.SS. \The triangles 
SFF, SSP are similar.] 

Ex. 12. If SY, SZ be perpendicular to the tangent and normal 
at P respectively, prove that TZ is a diameter. 

Proposition XXV. 

The subnormal of any point of a parabola ts equal to 
half the latue rectum. 




Let the normal PG at P meet the axis in ff. Draw 
PM, PN perpendicular to the directrix and axis respec- 
tively. Join SP. 

Then, the angle SPG = the angle SGP. [Prop. XXIV. 
Therefore SG = SP = PM= NX, 

Therefore NG = XS=2,AS = ^ latus rectum. [Prop. II. 
The subnormal is therefore of constant length. 

Ex. 1. If the triangle SPG is equilateral, SP is equal to the 
iatus rectum. 

Ex. 3. Show how to draw tlie normal at any given point with- 
out drawing the tangent. 

Ex. 3. If the ordinate of a point Q bisect the subnormal of a 
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point P, the ordinate of Q is equal to tlie normal at F. (Apply 
Prop. IV.) 
Ex. 4. Prove that FG'=iAS. SP. 



Ex. 7. TP, TQ are Ungenta to a given circle at Paud Q. Con- 
struct a parahola which sliall touch TP in P ajid have 2V for axis. 

Ex. a The locus of the foot of the perpendicular from tlie focus 
on the normal is a parabola. 

[Apply Prop. IV. SG ia the axis, the vertex is at S, the latua 
rectum ==.diS.] 

Ex. f 

Ex. 10. P|) is a chord perpendicular to the axie ; the perpen- 
dicular from p on tlie tangent at P meeta the diameter through P 
in R ; prove tnafc RP—iJlS, and find the locus of S. 

[The triacglee PlfG, BPp are similar. The locua of ^ ia an 
equal parabola, having ita vertex A' on the oppoaite side of X, 
such that AA'==iAS.] 

Ex. 11. A circle described on a given chord of a parabola aa 
diameter cuts the curve again in two points ; if these points be 
joined, the portion of the axis intercepted by the two chords is 
equal to the latns rectum. 

Show also that, if the given chord is fixed in direction, the 
length of the line joining the middle points of the chords ia 
constant 

[Apply Prop. VIII. The middle points of the chorda are equi- 
distant from the axis.] 



Miscellaneous Examplks on the Parabola, 

1. Find the locus of the point of intersection of any 
tangent to a parabola, with the line drawn from the 
focus, making a constant angle with the tangent. 

2, OQ, OQf are tangents to a parabola ; V is the middle 
point of QQ ; OV meets the directrix in K, and QQ" meets 
the axis in i\^. Prove that OKNS its a parallelogram. 
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3. Inscribe in a given parabola a tiiangle having its 
sides parallel to those of a given triangle. 

4. Inscribe a circle in the segment of a parabola cut off 
by a double ordinate. 

5. PGQ is a normal ohord of a parabola, meeting the 
axis in G. Prove that the distance of G from the vertex, 
the ordinates of P and Q, and the latus rectum are four 
proportionals. 

6. If AR, 8T are perpendiculars from tho vertex and 
focus upon any tangent, prove that 

8r^ = SY.AR+SA^. 

7. Describe a parabola touching three given straight 
lines and having its focus on another given line. 

8. OP, OQ are tangents to a parabola at the points 
P, Q. If 8P + SQ is constant, prove that the locus of 
is a parabola, and find its latus rectum. 

9. Through any point on a parabola two chords are 
drawn, equally inclined to the tangent there ; show that 
their lengths are proportional to the portions of their 
diameters intercepted between them and tho curve. 

10. The focal chord PSp is bisected at right angles by 
a line which meets the axis in ; show that P;p = 2 . SO. 

11. On a tangent are taken two points equidistant from 
the focus; prove that the other tangents drawn from these 
points will intersect on the axis. 

12. The locus of the centre of the circle circumscribing 
the triangle formed by two fixed tangents and any third 
tangent is a right line. 

13. A chord PQ is normal to the parabola at P, and 
subtends a right angle at the vertex ; prove that 
SQ=^.SP. 



yGoosle 



PARABOLA, 49 

14. Given the vertex, a tangent, and tlie latus rectnm, 
construct the parabola. 

15. P, Q are variable points on the sitles AH, AB of .'i 
given triangle, such that AP:PO=BQ:QA. Prove that 
PQ touches a parabola. 

16. Apply properties of the parabola to prove that — 
(i.) In any triangle the feet of the three perpendiculars 

fi-om any point of the eircamscribing circle on the aides 
lie on the same straight liue. 

(ii,) If four intersecting straight lines be taken three 
together, so as to form four triangles, the orthoeentres of 
these triangles lie on a right line. 

17. Describe a parabola through four given points. 

IS. A parabola rolls on an equal parabola, the vertices 
originally coinciding. Prove that the tangent at the 
vertex of the rolling parabola always touclies a fixed 
circle. 

19. If two intersecting parabolas have a common focus, 
the angle between their axes is equal to that which their 
common tangent subtends at the focus. 

20, AP, A Q, ai'e two fixed straight lines, and B a fixed 
point. Circles described through A and B cut the fixed 
lines in P and Q. Prove that PQ always touches i^ 
parabola with its focus at B. 
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CHAPTEB, II. 

THE ELLIPSE. 

DESCMFTION OF THE OUEVE. 

Piioi'OsrrioN I. 

Given the focus, directrix, and eccentricity of an ellipse 
io determine any number of points on it 




Let jS' be the focus, MXM' the directrix, and c tlie 
eccentricity. 

Through S draw SX pei'pendiciilar to the directrix. 
Divide SX in A, so that 

SA:^eAX\ 
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Also in XS' prodizRed, take A' so that 

SA'^cA'X* 
Then A and A' are points on the ellipse and are its 
vertices. 

Take any point jV on AA'; through JV draw FJS'P' per- 
pendicular to AA'; with centre S and radius equal to 
e . XN, describe a circle, cutting PNP' in P and P'. Then 
P and P' Bliall be points on the ellipse. Draw 2^M, P'M' 
perpendicular to the directrix. 

Then SP^e.XN [Con.t 

^e.PM, 
and HP'^e.XN 

= <i.P'iW. 
Therefore P and P' are points on the ellipse. 

In like manner, by taking any other point on AA', any 
number of points on the curve may be determined. 

Def. The length of the axis intercepted between the 
vertices (A and A') of the ellipse is called the tnajor axis. 

Def, The middle point {(') of the major axis is called 
the centre of the ellipse. 

Def. The double ordinate (BOB') through the centre 
(c) is called the irwnor axis of the ellipse. 

Ex. 1. The ellipse is symmetrical with respect to its ajda. 

Corresponding to any point Jf on the line AA' we get two poiiita 
P and JP , such that the cliord FP' is biaected at right angles by the 
axis A A'. 

Ex. 2. Any two right lines drawn fiom any point on the axis to 
the curve, on opposite sides of the axis and equally inclined to it, 
are equal, aad conversely. 

Ex. 3. If two equal and similai ellipses h%\ e a common centre, 
the points of intevaectiou are at the extremities of central ciiorda at 
right angles to each other. 
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Ex. 4. Prove tliat tlie ellipse lies entirely between the lines 
drawn througli A and A' at right angles to the axis. 

In order that the circle niay intersect I'JfF' tlie ])oiiit ^ must be 
so situated that SIf may not be greater thaji the radius of the circle 
iSP, that is, eJVX. It may easily be ahowii that this ia the case only 
when jV lies betweeii A and A'. 

Ex, 5, Show that as P moves from A to A', its focal distance 
{SP) inereaaes fi-om SA to SA'. 

For SP^e.ffX, and iV^T has AX ami A'X for its !ea«t and 
greatest I'alues respectively. 

Ex. 6. Hence prove tliat the ellipse is a closed curve. 

Ex. 7. If a parabola and an ellipse have the same fucus and 
directrix, the parabola lies entirely outside tlie ellipse. 

Ex. 8. A chord §^ of an ellipse meets the directrix in J). 
Prove tliat 

Ex. 9. A straight line meets the ellipse at P and the directrix 
in 1>. From any point K in FD, KU is drawn parallel to DS to 
meet SI' in U, and KI is drawn perp eudienlar to the directrix. 
Prove tliat SU^e. KI. (Cf. Prop. XYI., which is a particular case 
of this.) 

Ex. 10, A point I' lies within, on or witliout the ellipse, accord- 
ing as the ratio SP ; PM is less than, equal to, or greater than the 
eccentricity, PM being the perpendicular on the directrix. 

Proposition II. 

The ellipse is syvimetrieal ttdth respect to Ute minor 
axis and has a second focus (8') and directHx. 

Let S be the given focus aaid MX the given directrix. 

Take any point M on the directrix, and through the 
vertices A and A' draw AH and A'H' at right angles to 
AA,', meeting the straight line through M and S at H and 
H' respectively. Describe a circle on HH' as diameter 
and through M draw MPF\ parallel to AA', to meet the 
circle in P and P'. Then P and P' ahall be points on the 
ellipse. 

For ]\nr:RS=XA:AS^l:c, 

and Mli': il't:^ - XA': A'S==^ 1 : e. 
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Thci-efoi-e Jffl : ITS = Mil' : H% 

atid the angle HPIT is a right angle. 
Therefore, PH bisects the angle SPM. 
Therefore ,S'i> : PM = Sli : EM 



Therefore, P is a point on the ellipse. Similarly, it may 
be shown that P' is a point on the ellipse. 




Again, the straight line drawn through 0, tlie centre of 
the circle, at right angles to ^Ij^l' will bisect both AA' and 
PP' at right angles, and will therefore coincide with the 
minor axis in position. 

The ellipse is therefore symmetrical with respect to the 
minor axis. [Def. 

As the minor axis divides the curve into two parts such 
that each is the exact reflexion of the other, if A'l^j' be 
red off equal to AS and A'X'^AX, and X'M' be 
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drawn at right angles to X'X, the curve could be equally 
well described -with S' aa focua and X'M' as dii-ectrix. 

The ellipse therefore has a second focus (S') and a 
second directrix (X'M'). 

Ex. Every chord drawn through the centre t'is bisected at that 
point. (From the symmetry of the figm-e.) 

Fi'om this property tlie point C ia called the naiii-e vi t.lie turve. 



PEOPERTTF.S OF CHOEDS AND SEGMENTS OF 
CHOEDS. 

Proposition III, 

In the ellipse GA^e.GX (1) 

GH^e.CA ...{2) 

CS.CX = GA\. (8> 




We have, from the definition, 
SA-=e.AX. 
SA'^e.A'X^'i.AX'. 
Therefore, by addition, 

AA'^.:{AX+AX') 
= cXX'. 
Therefore GA^a.OX 
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By subtraction, SS'^e{A'X~AX) 
^e.AA: 

Therefore C3=e.CA (2) 

Therefore CS.CX=CA^ (S) 

Ex. Given the ellipse and one foous, find the centre .ind the 
eccentricity. 

Describe a circle ■with S as centre, cutting the curva in P, F. 
The axis bisects PP' at right angles. 

Proposition IV. 
The sum of the focal distances of any point on an 
ellipse -is constant and equal to the wnjor axis. 




Let P be any point on the ellipse. Join PS, P>S", and 
through P draw MPAf perpendicular to the directrices. 
Then SP = e.PM, 

S'P = e.PM\ 
Therefore SP+S'P = e. ( Wf + PW) 

= e.MM 
= eXX- 
= AA'. [Prop. ni. 

Ex. 1. Show how to construct the ellipse mechanicaUy. 

First Method. — Fasten the ends of a string to two di'awing pins 
fixed at S and i? on a board, and trace a cuiTa on the board with 
a pencil picased against tlic string, so aa to keep it always 
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stretuIieiL Tb.e curve traced out will be an ellipae, ■with fooi at 
S ami S", and major asia equal to tlie length of the string. 

Second Method. — Suppose two equal thin circular diacs A and B, 
attai:!ied to each othei', to rotate in opposite directjona round an 
axia tlirough. their conunon centre ; and, Buppoae one end ot a 
fine string; (which is wrapped round the discs, and passing throiigli 
small ringa at and D in the plane of the discs, ia kept stretched 
by the point of a pencil at P) to lie wound on to its disc, while 
the other is wound oft'. The curve ti-aced by P will have the 
y CP + /)P=conBtaiit, 

1, therefore, be an ellipse. 

Ex 2. The sum of the focal distances of ajiy point is greater 
than, equal to, or less than the major axis, according as the point 
is without, u]Kiu, or within the eUipse, and eonverseiy. 

Ex. 3. Tlie distance of either extremity of the minor axis from 
either focus is equal to the semi-axis- major. 

Ex. 4. A circle is dmwn entirely within another circle, Prove 
tliat the loi;us of a point equidistant from the circumferences of 
the two circles, ia an ellipse. [T3ie centres will be the foci.] 

Ex. 5. Two ellipses have a common foc\is, and their major axes 
eijual. Show that they cannot intersect in more than two points. 

The coiamon points may be shown to lie on the line bisecting at 
right angles the line joining the second foci. 

Ex. 6. Prove that the external bisector of the angle SP^ 
cannot meet the ellipse again, and is, therefore, the tangent to the 
eili|)se at P, according to Euclid's conception of a tangent. {Cf. 
Prop. XVII.) 

Prove also tli&t evei'y other line throiigh P will meet the curve 
again. [Apply Ex. 2.] 

Ex. 7, The major axis is the longest chonl tliat can he di-awn 
in the ellipse. 

Joining the foci with tlie extremities of any chord, it ma;- be 
shown that twice the chord is less than tl\e sum of the four focal 
distances, that is, less tiian twice the major axis. 

Ex. 8. In what position of P is the angle SPS gj'eatest? 
[When P is at either extremity of the minor axis.] 

Ex. !), If !■ and R be the radii of the circles inscribed in and 
described about the ti-iangle SPS', prove that flr varies as SP./S'P. 

PltOPOSITKJN V, 

In the ellipse 

Oh'' = CA ' - Ch"" = -SM . BA'. 
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KLUPSE. 


-.7 


Let B bo a 


n oxtremity of the minor axis. 


Join BS, 


as", 






Then 


SB+S'B=AA'. 


[Prop. TV. 


But 


SB-S'B. 




Therefore 


SB-CA. 




Therefore 


CB'~SB'-CS' 


[Euc. I. 47. 




^.<J ,.-.-.! 


[Krc. TI. 5. 




Ex. % Prove that 5'A'^=-1U^ - IS' n\ 

Ex. 3. If the angle SBS" be a right angle, show that 

Ex. 4. A circle la deaoribed pausing through S and toiicliing 
the roaior axis ia S; if SK be its diameter, prove that 
SK.BC^AC^. 

Ex. 5. Cii'cles are described on the major aiid niiuor axes as 
diameters. PP' is a ehord of the outer circle cutting the inner in 
Q,Q: Trove ai&tPg.P'Q=CS\ 

Ex. 6. Given a focus S and a point P on an ellipse, and the 
leiifftlia of the major and minor axes, find t^e centre. 

On Si' produced, take SK equal to the major axis ; S' lies on the 
circle with centre P and radius i'A'. On SJiiin diameter deacrihe a 
circle, and plaoe in it KK equal to the minor a.-;is ; *S" lies on the 
circle ivitli centre S and radius SIf. 
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GEOMETE"^' OF (IONICS. 
* PliOPOSITION Vi. 



The latus rectum of an ellipse is a third proportional 
to the major and minor axes (SL = GB^jOA). 




Let LSI/ be the lafcua rectum. Draw LM pei^pendicular 
to tli(i directrix. 



C^^uCA, 


[Prop. III. 


SL-eLlI 


[Def. 


-eSX; 




Sl.CA^CS.SX 




= CS(CX-CS) 




^CS.CX-CS' 




-CA'-CH' 


[Pro]). III. 


-CB' 


[Prop.V. 


m the minor axis as base a i 


■ectaugle wliioli 



Ex. 1. Construct o 
shall be to the triangle SLS' in the duplicate ratio of the major a: 
to the minor axis. 

Draw BK parallel to LS', meeting the major axis iit A' ; the other 
side of tlie rectangle =|^C/i. 

Ex. 2. The estremities of the latera recta of all ellipses which 
have a common major axis, lie on two parabolas. 

If Z?r be perpendicnlar to CB, LN^^ AC{AO- GN) ; hence, L lies 
on a parahola of which CB is the axis, and the vertex is at ii 
distance fi-om C=CA 
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ELLIPSE. 

*PHOPOSITION VII. 



Any focal chord of an ellipse is clividad harmonically 
by the foots and the directrix. 




Produce tho focal chord J'Sp to meet this diiei;tnx io 
1), and draw FM, pm perpendicular to the directrix. 

Then PB-.pD^PM-.im, 

but PS = e,PM. 

and pS=e.pm; 

therefore PI):pD = PS: fS. 

Hence Pp is divided harmonically in S and D. 

Ex. 1. T]ie senii-latus rectum ia a havnionic mean between the 
aegmmita of any focal chord. 

Ex. 2. Fcfoal chords are to one another as the i-ectangles con- 
tained by their segments, 

Pkopusitios VIII, 

// any chord QQ' of an ellipse intersects the directrix 
in D, SD hinects ilia exterior angle between SQ and S^. 

Draw QM, Q'2r perpendiculars on the directrix, and 
produce QS to meet the ellipse in q. 
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60 i:;eometry oj'- conics. 

Then, by siinihiv triangles, 
theroforo .s7J liisccts tlie exterior angle Q'Sq. [Euc. \"I, A. 




Ex, 1. /',V i« !<- f<"^l cliord. Pruve timt J/'imd _V^ areoqiialh' 
inclineil ti> the axis. 

Ex. 2. Given tlie foews and three points on lui ellipse, find the 
direcfcrix and the axis. 

Ex. 3. If .P lie any point on an ellipse, and J'A, FA! wJieji 
produceil meet tlie dii-eotrix in K and F^ show tliat EF suhtends a 
right angle at the f ocuk. 

Ex. 4 H .l',S" be measured off along .^A equal to AB. and 
MX' be measui'ed off along AA! equal to AX^ and if PA and PjI' 



subtends a right angle at S'. (This is to be proved withoat assum- 
ing the existence of the second focna and directrix of the curve.) 

Ex. C. Hence, show that if PK be the perpendiculai- on E'F', 
S'P—e.PIi; and deduce the existencB of a second focus and 
directrix corresponding to the vertex A'. 

Ex. 6. If two fixed points Q, Q' oa an ellipse be joined ■with a 
third variable point on the curve, the segment qq' intercepted on 
either directrix by the chords QO and Q'O produced, subtends a 
constant angle at the corresponding focus. 

The angle q&j' may be proved to he equal to halt of the angle 
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Ex, 7. PSp is a focal eliordj is an/ point ou the curve ; PO, 
pO produced meet the directrix in D, d. ftove tliat Dd subtenda a. 
right angle at the focus, 

Ex. 8, Given the focua of an ellipse ami t^yo points on the eiirve, 
prove that the directrix will paaa through a fixed point. 

Ex. 9. A straight line which meets an ellipse will, in general, 
meet it in two pointa, and no stimglit line CMi meet it in more 
points than two. 

The first part follows at once from the fact tliat the ellipse is a 
closed curve. (Pi-op. I., Ex. 6. Cf. also Cli. L, Pi-op. X, Ex. 8.) 
Then, if the line meets the curve in § and Q', and the directrix in 
D, SQ and iSQ' will be equaUy inclined to D-^. Hence, if there be a 
third point of intersection ^, SQ' and .?(/ will mal:e the same angle 
with DS, which ia impossible. 

Proposition IX. 
TJie square of the ordinate of any point on an ellipse 
varies as the rectangle under fhe sp.g'nicnts of the axis 
made by the ordinate (PJV^^ : A -Y A:?{=aii' tOA^. 




Let FN be the ordinate of any point P on the ellipse. 
Let PA and A'P produced meet the directrix in D and 
D'. Join 8D, SD', and SP, and produce PS to meet the 
curve in p. 
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Then, i'rom the similar triangles PAN and I) AX, 
PN:AN=DX:AX. 
Also, fi-ora the similar triangles PA'N and D'A'X, 

PN:A-N=I/X:A'X; 
therefore PN^: AN .A'N^DX .D'X -.AX .A'X. 
Again, SB and 3D' hisect the angles pSX and PSX 
respectively ; [!''■•>?■ VIII. 

therefore the angle DSD' is a right angle, and 

DX.RX^SX^; [EuaVLa. 

therefore PiV^ : AN.A'N=SX^ : AX . A'X. 

But the ratio SX^:AX .A'X is constant; therefore the 
ratio PN^-.AN .A'N has the same value for all positions 
of P. 

In the particular ease when P coincides with the 
extremity B of the minor axis, the ratio PS-:AX .A'N 
becomes 01^ : GA'^ ; therefore 

PN^ : AN. A'N= CB'- : CA'', 
P being any point on the ellipse. 

Ex. 1. Prove tliat PS"^ ■.GA^~CN''' = GB''- : GA\ 

CA' "^ 0^ " ' 

Ex. 3. Prove tliat CP^ = CB^ + ^.CiP ; and hence deduce that 
of all lines drawn from the centre to the ewrve CA is the greatest 
and CB the lea«t. (See Prop. V., Ex. 1.) 

Ex. 4 Show that PiV increases aa JV moves from J to C. 



Ex. 2. Prove that 



Ex. 5. If PJ/ be drawl! perpendicular to tlie minor asis, de- 
duce that FJIP : S2f. ffM= CA^ : GJP. 

Ex. 6. P, Q are two points on an ellipse. AQ, A'Q cut FN in 
L and M respectively. Prove tliat PN^^LN. MN. 

Ex. 7. Deduce Prop. VI. 

Ex. 8. If NQ be drawn parallel to AB, meeting the minor axis 
in q, show that PA'^ = BQ. BQ. 

Ex. 9. If a point P moves such that PX^ : AN. A'N in a constant 
ratio, PN being the distance of P from the line joining two fixed 
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points A, a; and JV being between A nnd A', the locus of F m an 
ellipse of -n-liioli A A' is an axis. 

Ex, 10. The locus of the intersection of lines drawn througli 
A, A' at right angles to AP, A'P, is aw ellipse. [AA' ivjll be Uie 
minor axis. See Ex. 5, 9,] 

Ex. II. The tangent at any point P oi a. circle meets the 
tangent at the extremity A ot a, iixed diameter AB iu T. Knd 
the locus of the point of intersection (Q) of AP and BT. 

QM being perpendicular to AB, the triangles QMA, APB, and 
ATG are similar ; so are the triangles QMB and TAB. Hence 
qM'^:AM.BM=AG:AB. 

Ex. 12. The ordiuates of all points on an ellipse being pi-oduced 
iu the same ratio, the locus of their extremities is another ellipse. 

Ex. 13. P 13 any point on an ellipse ; AQO ia drawn parallel 
to CP meeting the curve in (j and CB produced in ft Prove that 
AO.AQ = ^OB^. 

Proposition S. 
Tlie locus of the middle points of any system of parallel 
chords of an ellipse is a straight line passing through the 
centre. 




Let QQ' be one of a system of parallel chords and Kits 
iiiddle point. 
Draw QM, Q'M' perpendicular to the directrix. Draw 
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ST perpendicular to QQ' and produce it to meet the 
()irectrix in K. Produce QQ' to meet the directrix m 

R .Join sq,sq: 

Then ySQ:SQ'^QM-Q'M' 

^QR-.Q'R. 
Therefore SQ^ - SQ"^ : QI^ - (^R^ = SQ^ : QR\ 
But W-SQ'« = Q3'2-Q'T2 

-{QY+q'Y){QY-qY) 
= IQQ'. YY. 
Similarly Q'R'' - Q'B? = 2QQ' . RV, 
Therefore YY: RV=SQ^ : QR\ 

Now the ratio 8Q : QM is constant, also the ratio 
QMiQR is constant, since QQ' is drawn in a fixed 
direction. Therefore SQ : QR is ii constant ratio. 

Therefore also YV:RV is a constant ratio for all 
chords of the system. 

But as R always lies ou a fixed straight line (the 
directrix) and Y on another fixed straight line (the 
focal perpendicular on the parallel chords) intersecting 
the former in K, V must also lie on a third fixed 
straight line passing through the same point K. 

Also C, the centre of the ellipse, is evidently a point 
on this line, since the parallel chord through O is, from 
the aymmetiy of the figure, bisected at that point. 

Hence, the diameter bisecting any system of parallel 
chords of an ellipse is a eiiord paB.9ing through its centre, 

Ex. The diameter biseoting^ any ayateia of parallel uhords, meete 
tlie directrix on tlie focal perpendicular ou tha chords. 
Jfoie.— See Prop. XI., Es. 10. 

Bef. The circle described on the major axis {AA') as 
diameter is called tlie aiixiliaiy circle. 
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Proposittos XI. 



Ordinates dratvn from the same point on the axis to 
the ellipse a/nd the aitcdlia/ry circle are in the ratio of the 
mmor to the major axis. 




Let ApA' bo the auxiliary eiucle and lot NFp be a 
common ordinate to the ellipse and the circle. 

Then PA'"':AN'. A'N= G& : OA^. [Prop. IX. 

and pN^=AN.A'N. fEiicnL3&a5. 

Therefore Flf^ : jiN'' = GB^ : GA^ 

Therefore FN : pif = CBiGA. 

Note. — By the kely of this importaiifc property of the circle upon 
the majoi' axis as diameter, laaiiy proi^aitions concerning the 
ellipse may be easily proved, aa will be shown hereafter. Hence 
the name auxiliary circle. 

Def. The points F and p lying on a common ordinate 
■pPN of the ellipse and its auxiliary circle ere called 
corresponding points. 

Ex. f. A atraigiit line cannot meet the ellipse in more than 
two points. {Cf. Trop. Tin.. Ex. 9.) 
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also, as FN-.qN^PB:}' 
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1 the 

PM:i/M^CA:CB. 
(See Prop. IX., Ex. 5.) 

Ex. 3. PN, PM ai-e perpendienlars on the axes, meeting the 
circles on. tlie axes as diaiuetera iu p, p' respectively. 

Prove that p and p' being properly selected, ^' passes through 
the centre. 

Ex. 4. Througli P, KPL is clra'wii making the sanie angle with 
the axes aa vG, and cutting them in K and L. Show that KL is 
of constant length. {KL ^GA + CB.) 

Ex. 6, If the two extremities of a straight line move along two 
fixed straight h'nea at right angles to each other, any given point 
on the moving line describes au ellipse. 

Let the fixed straight lines int# t n an U t i* be the g' n 
point on the moving line AB of wl 1 f s tl m ddle p nt L t 
QPN drawn at right angles to OS n i OC OB § ai d \ 
■ ' -' iince Oq^lP tl 1 f § a I 

•■■.PA, the 1 f P an lip 

Ex. 6. Given the semi-axes in a^n 1 a 1 po t n st u t 
the curve mechanically. 

Mark off on the straight edge of a shp of papci two iengtlw PA 
and PB in the same direction and equal to the semi-axea respec- 
tively. If the paper be now made to move so that A and B may 
alwaya be on the lines representing the axes in position, P will 
trace out the ellipse. (See Ex. 6.) 

Ex. 7. If a circle roll within another circle of double its radiiis, 
any point in the area of the rolling circle traces out an ellipse. 

First Method. — Let G be the centre of the rolling circle, and 
that of the otlier. If the given point P be on the radius GM, M 
will describe the diameter A'OA of the outer circle. Draw RPN 
perpendicular to OA', meeting OG in R and OM in .A'. Then since 
CR = GP,t\ia locus of 5 is a circle; and, as PN:RN=PM:OR, 
the locus of P is an ellipse. 

Second Method. — The point i/" coincided with A' at the beginning 
of the motion ; if in any position, the circles toudi at §, 

arcifg=arc^'§, angle QOM^^ angle QOM, 
.: OGQ is always a straight line, so also is MCN', N being the 
intersection of the inner circle with that radius of the outer which 
is at right angles to OA. It is clear, therefore, tliat the motion of 
a point P in MJV is exactly the same as that of a point in the 
moving rod in Ex. 5. 
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Ex. 8. From the centre of two eoucentrie circles, a straight line 
is drawn to cut them in P and Q ; through P and Q straight lines 
are drawn paiMlle! to two given lines at right angles. Prove that 
tlie loons ol their point of intersection is an ellipae, of which the 
outer circle is the auxiliary circle. 

Ex. 9, NPp, S'Pp' are ordinatea of the ellipse and its auxiliary- 
circle. Show that PF,x>p' prodnced meet on the axis in the same 

Ejc 10. Deduce from Ex. 9 a proof of Prop, X. 

Let V, V l)e the middle points of PP', pp'. Vv prodneed bisects 
iViV at right angles in M. Now as lon^ as PP remains parallel 
to itself, pp' must remain parallel to itself, and, therefore, ita 
middle pomt v lies on a fixed straight line, the diameter at right 
ajijrles to pp'. V, therefore, lies on a fixed straight line through 
C.tince vM:VM=CB:CA, 



* Proposition XH. 

If a system of chords of an ellipse be drawn through a 
fixed point the rectangles contained by their segments are 
as the squares of the parallel semi-dia/meters. 




Let QOQ' be one of the system of chords di'awn through 
the Jixed point and OP the semi -diameter parallel to 
QQ'. Then QO . OQ' : Cf^ shall he a constant ratio. 
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Describe tho auxiliary circle, and let p, q, q' be the cor- 
responding points to F, Q, Q'. Join G-p and qq' and draw- 
through a line perpendicular to the major axis, meeting 
it in .0 and qq' in o. 

Then, since QM: qM^ Q'M : q'W 

=^GB:GA, [Frop. XL 

the straight lines QQ' and qq' produced meet the axis pro- 
duced in the same point T. 

Again, the triangles PNG and QMT being similar 
NC:MT^PN:QM 

=pN':qM. [Prop. XL 

'J'herefore the triangles pNC and qMT are similar, 

[Faic. VI. a 

Therefore pC is parallel to qT. 

Therefore the triangles pPC and qQT are also similar. 

Now QO:qo = QT:g'i: 

also OQ':oq' = QT:qT. 

Therefore QO.OQ'-.qo. oq' = QT^ : qT^ 
^OP^-.Gf, 
or QO.Oq-. OP' = qo . oq': GP\ 

Mow, since OD:oD = GB:GA, 

and the point is fixed, the point o is also fixed ; hence 
qo.0<^ is constant. [Euc. III. 35. 

Also Gp^'GA^ constant. 

Thei-efore QO.OQ'-.OP' 

is a constant ratio. 

Ex. 1. The ratio of the rectangles under the aegments of any 
two iiiterHeetiftg chords of an ellipse, is equal to that of the rect- 
angles under the aegments of any other two chorda parallel to the 
former, each to each, 
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Ex, 2, If two chords of au ellipse intersect, the rectangles 
under their segments are as the parallel focal chords. (Apply 
Prop. VIL, Ex. 2.) 

Ex, 3. Ordinatea to any diameter at equal distances from the 
centre are equal. 

Ex, 4. ^Cq ha the central chord parallel to the focal chord 
FSp. Prove that 

* Proposition XIII, 

If a, circle itttersect a/n ellijjse in four points their 

<!ommon chords ivill he equally inclined^ two and two, to 




Let Q, Q', q, §', be the ibur poinfca of intersection. 

Join QQ', qq', intersecting in 0. 
Then QO .OQ'==qO.Oq', [EucIIL 35. 

Therefore the serai-diamet-ers pamllel to QQ' and qq' 
respectively, are eqnal to each other, [Prop. XIL 

and they are, therefore, equally inclined to the axis from 
the symmetry of the figure, (See also Prop. I,, Ex. 2.) 
Therefore, the chords QQ' and qq' are equally inclined to 
the axis. 
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.In like manner it may be shown that the chords Qq 
and Q'g' as well as the chords Qq' and qQ' are equally 
inclined to the axis. 

Ex. 1. If two chords, not parallel, Ije equally inclined to the 
axis of an ellipse, their extremities lie on a circle. 

Ex. 2. If P be a fixed point on an ellipse and QQ' any ordinate 
to CF, show tliat the circle QFQ' will intersect the curve in 
another fixed point. 

PROPERTIES OF TANGENTS. 
It has been already observed in Chapter I, that, gene- 
rally, fi-om a chord property of a conic a corresponding 
tangent property may be deduced. The student should 
work out the following exercises as illustrating the 
method in the case of the ellipse. 

* Deduce from Prop. XII. ; — 

Ex. 1. The tangenta to an elli|we from an external point are 
proportional to the parallel semi-diameters. 

Ex, 3. If the tangents at three points ./', Q, Ji ou an ellipse, 
intersect in r, q, p, show that 

IV.pQ.qR=Fq.rQ-pIi. 

Ex. 3, If two parallel tangents OP, O'l" be met by any third 
tangent OQO; then OP . ffl" = OQ . (/Q. 

Ex. i. If from any point witliout an ellipse a secant and also 
ft tangent be drawn, the rectangle under the whole secant and tlie 
external segment is to the square of the tangent as the squares 
of the paralleE semi-diameters. 

Ex. 5. If two tangents be drawn to an ellipse, any line drawn 
parallel to either will be out in geometric progression by the other 
tangent, the curve and the chord of contact. 

Ex. 6. Any two intersecting tangents to an ellipse are to one 
another in the sub-duplicate ratio of the parallel focal chords. 

Ex. 7. If two parallel tangents AQ and OR be cut by any third 
tangent APO, and /fF meets QA in B, show that AQ=AB. 

*Deduce fi-om Prop, XIII. :— 

Ex. 1. FQ, r<^ are chords of an ellijise equally inclined to the 
axis. Prove tbat the cirele PQQ' touches the ellipse at P. 
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Ex, 2. Pf is a chord of an ellipse jjarallel to the major axis ; 
i*9, P'Q' are choi-ds equally inclined to that axis. Show that 
QQ' is parallel to the tangent at J\ 

Ex. 3. If a circle touch an ellipse at the points P and Q, pi-ove 
tliat PQ is parallel to one of the axes. 

See also Preps. XIV. and XV. 

Proposition XIV. 
The taAigent to an ellipse at either end of a diameter is 
parallel to the system of chot-ds bisected hy the dAameter. 




Let PVC'P' be ilio diauiuter Injecting a system of 
chorda parallel to QQ'. Let QQ' be made to move 
parallel to itself so that Q may coincide -with V. Since 
QF is always equal to Q'V, [Prop. X. 

it is clear that Q' ■will also coincide with V, and the 
chord in this its limiting position will be the tangent 
to the ellipse at P. 

Ex. L The tangent at the vertex is at right angles to tlie ma^or 
axis. [From symmetry, the chords at right angles t^) the major 
axis are bisected hy it.J 

Ex. 2. The line joining the i>oints of contact of two parallel 
tangents is & dianieter. 

Ex. 3. Any tangent is cut harmonically by two parallel tan- 
gents and the diameter passing through their points of contact. 
(See note on Tangent Properties, I., Ex. 3.) 
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Ex. 4. An ellipse ia described about the triangle ABG, having 
its eeiiti-e at the point of intei'seetion of the mediana. OA, OB, 
00 produced meet the elli])se in a, fi,y- Prove that the tangents 
at u, p, y form a triangle similar to ABC and four times as large. 

Pkopositiox XV, 

The portion of iJts tangent to an ellipse at any point 
intercepted between ikat p<>int and Ike directrix subtends 
a right angle at the focus, and conversely. 

Also the tangents at the ends of a focal chord intersect 
on the direetrix. 




First — Let any chord QQ' of the ellipse intei'sect the 
directrix in Z. 

Then SZ bisects the exterior anglo Q'Sq. [Prop, VIII. 
Now, let the chord QQ' he made to turn about Q until 
the point Q" moves up to and coincides with Q, so that the 
chord becomes the tangent to the ellipse at Q. In this 
limiting position of the chord QQ', since Q and Q' coincide, 
the angle Q8(^ vanishes and therefore the angle Q'Sq 
becomes equal to two right angles. But, since SZ always 
bisects the angle Q'jSg, in this case the angle QSZ is a 
right angle. 
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Again, let QZ subtend a right angle at S; then it shall 
be the tangent to the ellipse at Q. For, if not, and if 
possible, let QZ' be the tangent at Q ; then the angle 
QSZ' is a right angle, which is impoasible. Therefore QZ 
is the tangent at Q. 




Secondly. — Let QSq be a focal chord and QZ the tan- 
gent at Q. Join ZS, Zq. 

Then the angle QSZ being a i-ight angle, the angle 
ZSq is also a right angle, and therefore qZ is the tangent 
to the ellipse at q. Therefore the tangents at Q and q 
intersect on the directrix. 

Ex. 1, Tangents at the extremities of tHie latus rectum inter- 
Ex. 2. If through any point F of an elhpae, an ordinate QP!f 

be drawn, mueting the tangent at Z in §, prove that QN=SP. 
Ex. 3. To draw the tangent at a given point P of an ellipse. 
Ex. 4, By drawing the tangent at B, prove that CS. CX=GA^. 
Ex. 5, If ZQ meets the other directrix in Z, ZP subteuda a 

right angle at S. 

Ex. 6. If §ir intersect the latus rectum in i>, prove that 
SB^'e.SZ. 
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Propositios XVI. 



If frort% a point on the tangent at any point P of an 
ellipse perp&ndicula/rs OV and 01 he drawn to SP and 
the d/weeWix respectively, then 

su=e.oi; 

and conversely. 




Join SZ and draw PM pei-pendicular to the directrix. 
Because ZSP is a right angle, [Prop. XV. 

5S is paralkl to OU. 

Therefore, by similar triangles, 

aU:SP=Z0:2P 
^OI-.PM. 
But BP^&.PM; 

therefore SV^e.OI. 

Again, for the converse proposition, if a line OP meets 
the ellipse at P, and the same construction is made as 
before, we have 

SU^e.OI, 
and 8P = e.PM; 

therefore S UtSP^OI: PM 

^ZO:ZP. 
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Therefore Oil is parallel to Z8, [Euo. VI. 2, 

and the angle PSZ is a right angle. 

OP is, therefore, the tangent at P. [Prop, XT, 

Note.—Hee Chap. I,, Prop, XIII,, also Prop, I,, Ex. !), 



Proposition XVII, 



The tangent at any lyoint of an ellipse inakes equal 
angles with the focal distances of the point. 




Let the tangent at P meet the directrieea in Z and Z'. 

Draw MPM' perpendicular to the directrices, meeting 
them in M and M' respectively. Join SP, SZ, S'P. and 
S'Z'. 

Then, in the two triangles PSZ and PS'Z', the angles 
PSZ and PS'Z' are equal, being right angles, [prop. XV. 
and SP:S'P^PM:PM' 

^PZ:PZ', 
and the angles PZS and PZ'8' are both acute angles. 

Therefore the triangles are similar; [Euc. VI. 7. 

therefore the angle ,SP.^=the angle S'PZ'. 
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Ex. 1. It a line drawn througli P bisect tlie exterior angle 
between SP ajid S'P, it wiU be the tangent at P. 

Ex. 2. The tangent at the vertex is at right angles to the 
major axis. 

Ex. 3. The perpend it ukrs from Z and Z' on SP intercept a 
length equal to AA'. 

at any point maltes a j^ 

n the directrix. 

Ex, 5. If ST, S'Y' he the perpendiculars upon the tangent at P, 
and /*iV he the ordinate of P, prove that Pj^ bisects the angle 

Yirr. 

Ex, 8. If Sr, the perpendicular on the tangent at P, meet S'P 
produced in s, prove that 

(i) sY^sr, (ii) sp=p«, (iii) S's=aa: 

On account of property (i)j a in called the image of the focua in the 
tangent. 

Ex. 7. Prove that the locus of the image of the foouB in the 
tangent is a circle. 

The circle, of which the centre is a focus and the ladins equal 
to the major axis, is soraetimes, though not quite properly, called 
the Director Circle, by way of sCnalogy to the directrix: of the 
parabola, which is, in the case of that curve, the locus of tlie image 
of the focus in the tangent. (See Chap. I., Prop. XIV., Ex, 7.) 

Ex. 8. Given a focua and the length of the major axi^ describe 
an ellipse touching a given etraiglit line and passing through a 
given point. (Apply Prop. rV. ; Newton, Book I., Prop. XVIII.) 

Ex. 9. Given a focus and the length of the major axis, describe 
an ellipse touching two given straight lines. (Apply Prop. IV., 
cf. Prop. XXIII., Ex. 4 ; Newton, Book I., Prop. XVIII.) 

Ex, 10, If a circle be described through the foci of an ellipse, 
a straight line draim from its intersection with the minor axis 
to its intersection with the ellipse, will touch the ellijise. 

PitoposiTioN xvin. 

To draiv two tangents to an ellipse from an external 
point. 

Let be the external point. Draw 01 perpendicular 
to the directrix, and with centre S and radius equal to 
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e, 01, describe a circle. Draw 0(7, OV tangents to this 
circle, and let SIT, SIT' meet the ellipse in Q, Q'. Join 
OQ, OQ'. Then OQ, OQ' ahali be the tan^nts renuired. 




I'or OU is at right angles to SQ, [Eue. til. 18. 

and SU=e.Of. 

Therefore OQ is the tangent to the ellipse at Q. 

[I'rop. XVT. 

Similarly OQ' is the tangent at Q'. 

Ex. 1. Alternative Constraotioti. — With centre and radius OS 
describe a circle j with centre S' and radina equal to the major 
axis describe another circle intersecting the foi-mer in M and M'. 
Join S'M and S'M', meeting tlie ellipse in Q and Q' ; OQ.OQ' are 
the tangents required. (The angle OQM=i\i^ angle OQS. Then 
apply Prop. XVII., Es. 1. It may be shown that the construction 
given in Chap. I., Prop. XVI., is immediately deducible from this.] 

Ex, 2. Show that only two tangents can be drawn to an elHpae 
from an eiternal point. (See Note to Chap. T., Pi-op. XVI.) 

Peopositios XIX. 
The two tangents which can be drawn to an ellipse 
from an external point sxibtend equal angles at the 
focus. 
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Let OQ, OQ' be the two t-angents from 0. 
Join SO, SQ, so; and draw 01, OU, OV perpendi- 
culars upon the directrix, SQ, SQ' respectively. 




Then SV^e.O/^SV: [Prop, XVI, 

Therefore OU=-OU'. [Em. 1. 47. 

Therefore the angles OSU and OS'U' are equal, 

[Euc. 1. 8. 

and they are the angles which the tangents subtend at 

the focus 8. 

Ex. 1. Qf/ piwiuced meets the directrix in Z. Pi-ove that OZ 
subtends a right angle at S. [Prop. XV. is a particular case of 
this.] 

Ex. 2. If P be any point on an ellipse, the centre of the circle 
touching the major axis, SP, and S'P produced lies on the tangent 
at the vertex. 

Ex. 3. The two foci ajid the intersections of any tangent with 
the tangents at the vertices, are concyclie points. 

Ex. 4. A variable tangent meets a fixed tangent iii T. Find 
the locus of the intersection with the variable tangent of the straight 
line tlirough S at right angles to ST. 

[Tlie locus la tlie tangent at the other extremity of the focal chord 
through the point of contaiit of tlie fixed tangent.] 

Ex. 5. The tangents at the ends of a focal chord meet the 
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tangents at the vertex iu 7, and F^. Prove iMt ATi.ATi is con- 
stant. (=^S=i.) 

Ex. 6. Tte angle subtended at either focua by the segmSnt intei-- 
cepted on a variable tangent by two fixed feingents is constant. 

Ex. 7. If OS intersect Q^ in E and RK be drawn perpen- 
dicular to the directrix, prove that QS, QK are equally mclmed 
to the axis. 

Ex. 8. An ellipse ia inscribed in a triangle ; if one focus moves 
along tlie are of a circle passing through two of the aligiilar points 
of the triangle, iind the locus of the other focus. [An arc of a circle 
through the same angular points.] 

Ex. 9. If a quadrilateral circuniscribea an ellipse, the angles 
snbt«isded by opposite sides at one of the foci are together equw to 
two right anglea. 

* Proposition XX. 

y/ffi tim tangents drawn to an ellipse frotn, an external 
point are equally viicUned to the focal dAstances of thai 
poimt. 




Let OQ, OQ' be the two taogents from 0. 
Join SQ, SO, SQ', S'Q, S'O, S'Q\ and produce SQ to It. 
Let H be the poiat of intersection of SQ' a.nd H'Q. 
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Then 
the angle SOQ^thc. angb OQR~ihe angle OSQ 

[Etic. I. 32. 
= half the angle .?'QB~haif the angle QSQ' 
[Props. XVII. and XIX. 
= half the angle SHQ. 
Similarly, 
the angle fi"OQ' = half the angle S'EQ', 

Therefore, 
the angle SOQ = the angle S'OQ'. [Euo. I. 15. 

Ex. 1. Given two tangents to an ellijisi. ■xnd one focus, show 
that the locus of the centre ia a right hnc 

Ex. 9. On OQ, Oq take OK, OK' equal to OS, OS' respectively. 
Prove that KK' is equal to the majoi aYi& [If SQ produced to 
E be equal to the major axis, the tnanglea SOE ajid KOK' are 
equal.] 

Ex. 3. The straight line joining the feet of the perpendiculars 
from a focuiS on two tangents ia at jight angl^ to the line joining 
the intersection of the tangents ivith the other focus. 

Ex. 4. The exterior aiigie between any two tangents ia halt the 
sum of the angles which the chord of contact subtends at the foci. 
[Cf. Chap. 1., Prop. XIX.] 

Ex. 5. The angle between the tangents at the extremities of a 
focal chord is half the supplement of the angle which the chord 
subtends at the other focus. 

Ex. 6. Prove that 

LSOS'-\-LS'qO-i-LSqO = % right angles. 

Ex. 7. If from any point on an ellipse tang;ents ai'e drawn to 
a confocftl ellipse, these tangents are equally inclined to the tangent 
at that point. 

Def. Ellipses which liave the same foci are called confooal 
elUpsea. 

Ex. 8. If a perfectly elastic billiard hall lies on an elliptic 
billiard tabiej and is projected in any direction along the table, 
show tiiat the lines in wliich it moves alter each successive impact 
touch a confocal conic. 

Ex. 9. Normals at the extremities of a focal chord intersect in 0, 
and the corresponding tangents meet in T. Prove that OT passes 
through the otlier focus. 
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Proposition XXI. 
The tangents at the extremities of any chord of an 
Rime intersect on the diaraeter tvhich IjlmctK the chord. 




Let QQ' be the choi'd,and (^5' any other chord paivilici to i I 
Let qQ anil q'Q' produced meet in 0. Bisect QQ' h 
V and let V meet qq' in v. 
Then QV:qv^OV:Ov 

^Q'Vu/v. 
But Qr=Q'V. 



Therefoie 



qv = qv. 




Therefore OVv is the diameter bisecting the system of 
chords parallel to QQ'. [Prop, X. 
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If now the chord gg' bo made to move parallel to itself 
until it coincides with QQ', qQO and eV^ will become 
the tangents to the curve at Q and Q' respectively, and 
they thus meet on the diameter bisecting QQ'. 

Ex. ]. Tlie diameter of an ellipse througli an estemaJ point 
liisect« tlie chord of contact of the tangents from that point. 

Ex. 2. GiTeii a diameter of an ellipse, to draw the syatera of 
chords bisected by it. 

Ex. 3. The tangent at any point F of an ellipse meets the 
tangent at ^1 in p; Prove that tTis parallel to A'P. 

Ex. 4 If OPC'P' be a diameter througli 0, OQ a tangent froiri 
0, and OF be drawn parallel to the tangent at P, then 

op.op^oc.or. 

Hence show that Oi';Oi"=PF:P'F. [This shows tlmt n" is 
divided harmonically in Fand 0.] 

Ex. 5. If any line drawn parallel to the chord of contact of two 
tangents to an ellipse meets the curve, the segment* intercepted 
between the cui've and the tangents are eqiial. 

Proposition XXII. 
If the tangent at any lyoint Q of an ellipse meets any 
diameter GP prodif^ed in T, and if QV be the ordvnaie 
to that diaviwteT, 

CV.CT=CT\ 




Draw the tangent PR at P, meeting QT in li, ; 
draw PO parallel to QT meeting QFin 0, 
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Then since POQR is a pai-allelogmm, liO bisects PQ, 
and ttierefoi'e ]}asiies through the centre C. 

[Prop. XIY. ami XXt. 
By similar tnangles 

CV : OP = CO : OR = OP -. CT. 
Therefore GV. CT^ OF'. 

ifofe.— When the diameter coincides with the major 
axis, the result is stated thus :-— 

If the tangent at Q vieets the incijor axis produced in 
T, and Qif be the perpendicular on the major axis, 
GN.CT^OA^. 
When tJie diameter coincides with the minor axis, the 
result is stated thus :— 

If the tangent at Q meets the nmior axis produced in 
t, and Qv, he the perpendicular on the nvi/rwr axis, 
Gn.Ct'=GW. 

These two pEtrticulai cases ai'e importjiiit, ;i:id slioiild be cai'efiilly 
noted by the studeEt 

Ex. 1. YH drawn parallel to J'fi Jiieetu GQ in R. Pi'ove that 
PH ia parallel to the tangent at Q. 

Ex. 3. If a series of ellipses have the same major axis, tlie tan- 
gents at the extremities of their latera recta meet at the same pouit 
oa the minoi axis 

Ex. 3. If PT be a tiugent to in ellipse meeting the axis in T, 
and AP, A' Phi pioduced to meet the perpendicular to the major 
axis through Fm (J and i9 tl OT=(^T [If PjV be the ordinate 
of P, the relation GT 1 f A'N=AT:AN.'\ 

Ex. 4, If PS'\i& II I I ajda, and the tangent 

at P meet th« majo! eirele throngh J'and 

T cuts the -tuxiliai v i [If ^ be the centre of 

tho circle, sIidw that i > i- = j 

Ex. S. The locus of the mid he points t ill focal chords of wi 
ellipse is a Mimilar ellipse 

Let be the m dlle pit fa focal 1 old PSp, and let the 
(ai)gent .li (' «hei ( ^]i 1 I i t the i ve, meet the majoi' 
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aiia in T. If OM and QN be the ordiiiates t(. the major n^is, it 
readilY follows that 

cj/"."A'Jt/" av.^if Xv.j'j- 

Tl Hii p[ ! P op. IX, Ex, 9. 

Jiv 6 If cy, AZhe the perpendiculars from the centre and an 
e t e tj ot the major axis oii tlie tangent at any point 1'. show 
tut GA.AZ=GY.AX. 

Bx If variable tangent to an ellipse meet two fixed piiiallel 

t age tn t will intercept segments on them whose rectangle is 

Let the tangent at § meet the two parallel tangents PR and pr 
iu R and r. Ppiae. diameter (Prop. XIT., Ex. 2). Let CD be the 
semi-diameter parallel to PR meeting Rr in t. Let Q V and Qv be 
ordinatea to OP, OB ; and let rR, fP meet in T. Then apply the 
proposition with, respect to the diameters GD, GP. 

Ex. 8. In Ex. 7 prove that the rectangle under the segments of 
the I'ariaLle tangent is equal to the square of the semi-diameter 
drawn parallel to it. (See Note on Tangent- Pi'opertiea Ex. 1, % 
Newton, Book I., Lemma XXIT.) 

Ex. 9. If P is any point on the ellipse, find the locus of the 
centre of the cLrole inscnbed in the triangle SPS'. [An ellipse. If 
ON be the perpendicular from, the centre on AA', it may be 
sho-vvn that OS^ ; XS . N8' =SA^ : GB"-. 

Then apply Prop. IX., Ex. 9.] 

Ex. 10. CD, CP are two semi-diameters of an ellipse. Tangents 
at D and P meet OP and GD in A' and T respectively. Prove that 
the tiiangles GDK and OPT axe nopal in area. 

Proposition XXIII. 

27(6 IogVjS of the foot of the peiyencUcidar drawn frviii 
either focus upon any tangent to an ellipse is the 
aitxiliary circle ; and the rectangle imder the focal 
perpentMculars on the tangent ia eqiial to the square of 
the semi-axis mwio?-. (ST.S'Y' = CB^.) 

Let SY, S'yhe the focal perpendicnlais upon the tan- 
gent at any point P. 

Join SP and yS'P. Troduce S'F to meet .ST' in R_ 
Join GY. 
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Then in tlie triangles SPY, BPY, 

tho angle SPF=tho angle S'PT' [Prop. xm. 
stheanolo JJPF, [lut. LIB. 




and the angles 6'FP, Ei'P arc equal, each being a 

angle, ami YP is common, 

thoreibro SP-Pii. 

and SY= YE. |Em 

Also SC= CS", 

theretoi-e OF is parallel to S'R, [E«c 

thoretorc aY=-l.li'Ji [Em 

= i(S'P + PjS) 

-KST+SP) 

= iAA' [Pr 

Therefore the locus of F is the auxiliaiy circle. 

Similarly it may be shown that the locus of F 
same circle. 



VI. 2. 

VI. 4. 
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Agiiiii, produce F(7and Y'S' to meet in y, thGii y will 
be on the auxiliary circle. 

For, since GS=C8' and SY is parallel to S'y the tri- 
angles SGY and S'Cy are equal. [Enc I. m. 
Therefore Cy — CY= CA, showing that y iy on the auxiliary 
circle. 

Also SY^S'y 

Therefore ,S' Y . S' Y = S'y .S'Y' 

= S'A'.S'A [F.iid. Til. ar,. 

^SA.iiA' 

= GB^ [Prop. V. 

Ex. i. (7^i>arallel to the tangent nt P meets 57>, S'J' in £, .E'. 
Prove that 

(i) PE^rE' = CA. 

(11) SE=SE'. 

(lii) the circle circumscribing the triangles CSE and GS'E' are 

Ex. 2. Tlie central perpendiciilai' ou tlie tangent at 7* meets SP 
iiroducecl in Q. Prove that the locus of § is a, cii-cle. [Centre S. 
Badina=Ci.] 

Ex. 3. If from, tlie centre of an ellipse lines be drawn parallel 
and perpendicular to the tangent at any point, they enclose a i>art 
of one of the focal distances of that point equal to the other. 

Ex. 4. Given 3 focua and the length of the major axia, describe 
an ellipse touching two {firen stiuight lines. 

Ex. 5. Given a fooua, a tangent, and the eecentiiclt)', the Iociih 
of the other focus is a circle. [Since OS=ii.CY, the loeus of the 
centre is obvioiialy a drcle.] 

Ex. 6. Prove that the perimeter of the quadrilateral SYY'8' in 
the greatest possible when TV subtends a right angle at the centre. 

Ex. 7. A line is drawn through S' parallel to SP meeting TSia 
0. Pi'ove that the locus of T is a circle. 

Ex. 8. The right line drawTi from either focua to the adjacent 
point of intersection of any tangent with the auxiliary circle in per- 
pendicular to the tangent. 

Ks, 9. If through any poiut T on tlie auxiliary circle Fj" be 
drawji at right angles to SY, YP will he a tangent to the ellipse, 

Ex. 10. If tliB vertex of a right angle mo^-es on a fixed circle, 
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iiiiil one leg passes tliroTigli a fixed point, the otliev leg will ahvjiN ^s 
touch ail eUipae, {Cf. Chap. I., Prop. XXIII., Ex. 4.) 

Ex. 11. GiFen fclie major asis aiirl a tangent, s!io«- that tlie 
directrix pasaea through a fixed point. 

Ex. 12. The circle desci-ibed on iV/' aw diameter toitcliea the 
Huxiliary circle. 

Ex. 13. Given a focus, a tangent, and the length of the uiajni- 
axis, the locus of the centre is a circle. 

Ex. 14, Given the foci and a tangent, construct the ellipse. 

Ex;, 15, Alternative Gonstrnetion for Prop. XYHI. 

Let be the external point. Ou 05 as diameter describe a circle 
intersecting the auxiliary circle in T"aiid )"' Tlien OFand OY' 
produced fpill 7)e the taiigenta required 

E"c 16 The right line drawn from the centre pan,llel to either 
f ical rodi 18 vector of any pomt on -va ellipse t > meet the tangent at 
that pomt IS equal to the lemi axis majoi 

B"C 17 Draw a tangent to in elh] t jwi dlel to a ^'ven straight 

Lx 18 Twi ellipses ^liose axes a e equal ea li to earfi, are 
placed m the same plane tiith tlieii centies coincident and axes 
inclined to ea h othei Draw then cDmnion tangents [The com- 
mon tangents ptis^i thio igli tJ e i inta ii which, the lines pining 
the foci of the ciin es meet the common auxiliaij en le ] 

Ex 19 G!\eii a focus, a tangent and the len{,tlt of the minor 
IMS, the locus of tl e othei foe la la a sti ii^ht line 

Ex 20 If the rectangle undei the peiiiendicnlara from the fixed 
[iOints on a right line be conotant (=.i^) the hue ilniys touches 
Ml ellipse of which, the fiiel pomts die the foci and the minor 

M3=2i 

Ex 21 A choid of i cude ccnti C in 1 rad is » subtends a 
iiaht ajiffle at a filed po ut Piove tl it t alwajs touches an 
eilipie, of which Cand O ate the ft a d ti e squaie of the semi- 
ixis minoi =r^ -^ CO . 

Ex. 22. If a second tangent to the ellipse intellect TIT' at 
right angles in 0, prove that OT. Or^< B 

Hence, prove tliat 00-= CA^+ < Jl 

(Of. Prop. XXIV.) 

® Proposition XXIV. 
The, locus of the intersection of iuitjenU to un ellipsis 
which cut at right angles is a circle. 
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Let the tangents OT, OT' cut at right angles at 0. 

Draw BY, OK perpendicular to OT and SU, OK' pei*- 
pendicular to OT. Join OY. OU, CO. Let OK, BU 
intersect m B. 




Now Y and JJ ai-e on the auxiliary circle, [Prop. XXIIT. 



therefoio 


CY=On-CA. 


Then 


CO'-CIP + CK" [Eac. I.J7, 


imd 


Cr'- 0K'+ YK', 


therefore 


CA' = CK'+SH'; 


also 


OU'.CK"+UK-'. 


therefore 


CA'-CK'-' + BH', 


therefore 


mA' = CK' + aK"+SIP+HC" 




-CO' + CS'; [Eue.L«. 


tut 


CS'--CA'-CB', [Prop.T, 


therefore 


C0' = CA' + OB'. 


Henee the 


locus of ia a circle described with the centre 


C and rajj 


us equal to AB. 


Xcu.—lh 


is ciicle i« ™lleil tln^ W/'ecWj- Circle of the eilipse. 
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Ex. 1. All ellipse slides between two fixed lines at riglit angles 
to eacli other ; prove tliat the lociis of its centre is an arc of a 
circle. 

Ex. 2. Anv rectangle circumscribing an ellipse is iiisciibeii in 
the director circle. 

Proposition XXV. 
Tangents at corresponding points of an ellipse and it^ 
auxiliury circle i/n,te,rsect on, the tnajor axis. 




Let tlie ordiuate pPJf meet the ellipse in P and tlio 
auxiliary circle in the corresponding point p. Let qQH 
be any other ordinate. 

Then, because 

QM:qM^CB:CA 

= PJ\'":2JiV", [Prop. XL 

the straight line QF, qp produced meet the major axis in 
the same point T. 

Now, if qQM be made to move parallel to itself so as to 
coincide with pPN, the points Q, P and 5, p will coalesce, 
and the choi-ds QPT and qpT will become tangents to tlie 
ellipse and the circle at P and 2^ ie,?pectively. 

Ex. 1. Deduce this proposition from the projieity GA'. C'2'=f'.l'. 
(ProiJ. XXIL) 

Ex. 2. The tangent at p meets GB produced m K. Prove that 
GK.J'^^GA.GB. 



y Google 



90 GEOMETRY OF CONICS. 

Ex. 3. Show thiit the lociij of tliu interaectioii of the iioniials 
at P and p is a circle of which the radina in CA + CB. [If the 
iionuala intersect in 0, and if PR be drawn parallel to the major 
axis to meet CO in li, then, bv similar triangles, it may easily be 
sliowiL that 011 = A, CR = CK'\ 

Ex. 4. OQ, OQ' ai'e tangents to an elli|)se ; ON is drawn per- 
pendiciilai' to the axis. Prove tliat the tangents to the auxiliarj' 
circle at the correspuiidiiig points q, j' meet on ON. 

If QQ' pioduce<l meet tiie major axis in 7", prove also tliat 
C'N.CT^GAK 

[For the aecond ]iart, note that if ON meet the auxiliary circle 
in Jl, the tangent at R meets the major ajds at the point wliere 
§§', o^nieet it, Cf. also Pi'op. XXII,, note, which is a limiting 

Ex. 5. lit ]<;x. 4, if ON meet« the ellipse in r, the tangent ;it )■ 
intersects tlie iiuijor axis in T. 



PEOPEETIES OF NOEMAiS, 

PROPoyiTioN XXVI. 

The nunnal at any point of an elUpse bisecta the 
ingle bettceen the focal distances of the poiiit. 




Lot the normal at the point P meet the major axis 
in G. T.ot YPV bo tho tangent at P. 

Thou tlie angle SPy=i\ie angk S'FY'. [Piop. XVU. 
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Rut the angles GPY, Gl'V iivo equal, "being vight angles ; 

[Jlcf. 
therefore the angle ^PG = the angle S'PG. 

Kx. 1, If tlie tangent and normal at any point i' meet the 
minor axis in i and g, tlieu 1\ t, g, S, and jS" lie on the eaiue circle, 

Ex. 3. ProTe that the triangles BPO and gPS' are similar. 

Ex. 3. If fi-ora a a pei-pendieiilar <jK be di-awu on SF or SP, 
show that PA'=(7i. 

Ex.4. Prove that SP.S'P^/.'G .I'ff. [The triangles FSg, 
P.S'S are Bimilar. Ex. 1.] 

Bx. f). No aormal can pass through the centre, except it be at 
.%n end of one of the axes. 

Ex. 6. The normal PO and the focal peqjendiciilars on tlie 
tangent at P ai'e in harmonic progression. 

Ex. 7. The circle described on PCf aa diametei' onta SP, S'P in 
A' and L. Prove that FG bisects KL at right angles. 

* Proposition XXVII, 

If the normal ut avy poivt ./' of en e/Jipsc meets ike 
major ax'ls in G, SO — - r . -"^'i ', 




Join iS'P. 

Then, since PG bisects the angle SP.S', [Pi'op. XXYI. 
SG : S'G = SP : S'P ; [E«e. VI. 3. 

Iieroforo SG : SG + S'G = SP : SP+S'F, 

ir SG:8P^SG + S'G:SP+S'P. 
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But SQ+8'0 = SS'==e.AA\ [Prop, 111. 

and SF+S'P = AA'; [Prop. IV. 

therefore SG = e.SP. 

Es. 1. Show how to iliuw tlie nornial at ;iny ijoint without 
(li'awiiig the tangent. 

Ex. 2. If I'M he <bawn perpeiidicTilar to the direetrii, and 
,V.9 meet the minor axis in ff, sliow that Fff in the normal at P. 

Ex. 3. A perpendicular is drawn from a fixed point M on tlie 
iniijor axis of an ellipse, on tiie tangent at any point 1'. The loona 
of the intersection of this peipeiidicKlBr with SP is a. oivcle. 

Ex. 4. If 0E be perpendicular to ST*, prove that PE is equal 
to liaii the latus rectum. [P&T and SUG are similar tiianglee j 
therefore SE^e.SN, SPr^e. IfX,so that PF=e.SX.] 

Ex. n. In Ex. 4, bIiow tliat GS= e . I'F. 

Ex. 6. Show that 

PG^:SP.S'P=GIP:CAK 
(Uf. Prop. XXVI., JSs. 4, and Prop. XXVIll.) 

Proposition XXVIII. 
Tlie normial at any point of an ellipse, terminated hy 
eitlier axis, varies inversely as the central ferfendievlar 
on the tanctent. (PG.PF^CE^ Pg.PF=GA\) 




, the normal ;it P iiief^t the lOiijor axis in (? ami the 
■ axis in y; l«t the tangent at i' meet them in T 
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and t respectively. Draw FN, Pn perpendicular to the 
major and minor axis, and let a straight line through the 
centre, drawn parallel to the tangent at P, meet PJS^, PG, 
and Pn produced, in R, F, and r respectively. 

Then, since the angles at N and F are right angles, 
G, F, R, N lie on a circle ; therefore 

PG.PF=PiY.F.Il [Vax^:. lU. sn. 

= Ga.Gt [Eai^. r. 34. 

= GB'\ [Prop. XXII.. Note. 

Again, since the angles at li ami F are right angles, g, F, 

■n, T lie on a circle ; therefore 

Pg.PF^Pn.Pr [Enc ILL 3G. 

= GN.GT [Eue, I. 34. 

= GA^'. [Prop. XXIL, Wote. 

Therefore hoth PG and Pg vary inversely aa PF, which 

is equal to the central perpendicular upon the tangent 

at P. 

Ex. 1. 11 OF meet tlie focal distances of /' ii 
that Pg subtends a rigM angle at B and i~ 
Ex. L) 

Ex. 2. If the circla through jS, P, 8' meets the minor axis in 
g on the side opposite to P, prove that Sg varies an PG. 

Ex. 3. PQ is drawn at i-ight angles to SP, meeting the diameter 
parallel to the tangent at P in Q. Pi-ove that PQ v;ii-ies iuversely 



PROPOSITION XSIX. 

If the nwi'mal at any point P on an ellipee meets the 
majw axis irn G, and PN he the, mrlinate to that axis, 
(i) GN:GM=^GB-':GA\ 
(ii) GG^e^.CA'. 
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Let the normal meet the minor axis in g. Draw Pn 
perpendicular to the minor axis, and OF parallel to the 
tangent at P. 




Th(!n, because the triangles PMO- and P'iig are similar, 
ON:CN=PG:Pg [E«,c. v.r. 2. 

= PG.PF:P(,.PF 
^OB^-.CA^; [Prop. XXVIIT. 

therefore OiV - GiV iCIi^OA^- GB^ : OAK ' 
or CG:GN^Gfi^:CA\ [LVoj,. V. 

But GS^e.GA, ; [Prop. UI. 

therefore CG=^e\GiY. 

Es. I. Til the figure of Prop. XXVllI,, prove that ;— 
(i) C&.GT-^CSK 
(ii) Cq.Ot=OS\ 
(iin NG.GT=CBK 
(iv) Tg, tG interaeot at right angles: 
Ex. 2. Find a point i' on the eiliiiae such that P& may bisect 
tlie angle between PC and PN. 

Ex. 3. Ill the figure of Prop. XXYIII., piwe that the rect-" 
angle under the focal perpendicuiara on PG=vF. PT. 



pk0pertie8 of conjugate diametees. 

Proposition XSX. 

If one diameter of an ellipse bisects chords patuUel to 
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a second, the second diameter bisects chords paralld to 




Let GP bisect chords parallel to CD ; tlieii f'D bisects 
chords parallel to CP. 

Draw A'Q parallel to CD, meeting Gl' in V; joiii AQ, 
meeting GD in XT. 

Then A'Q is bisected in V and AA.' m G\ therefore 
GY hi parallel to A Q. [Ene. VI. 3. 

Again, since AA' Ls bisected in G, aiul CD is parallel to 
A'Q, AQ is bisected by GD. [Ewe. VI. a. 

Therefore CD bisects all chorda pai'allel to AQ, [Piop. X. 
and therefore all chords parallel to GP. 

Def, Two diameters so related that each bisects chords 
parallsl to the other are called Conjugate Diameters. 

Thus CI' and CD are coujngate ti> eauli other ; so also are the 
jiiajor and minor ases, 

Jix. 1. H one diameter ia conjugate to another, the first iB 
parallel to the tangent at an extremity of the second. (Prop. XIV.) 

Ex. 2. Given an ellii se ai 1 two oi jugate liameters, show Iiow 
to draw tlie tangent at any pon t 

If GP, GJ} be conjugate dnu eteiH a d (J T is di-awn mrallel 
to CD, 5 F is the ordi u,te to t /■ 1 1 ( / 1 1 driced take T, such 
that Gy.GT=Cr\ QT « thp ti p t ^t (P.'op. XXII,) 
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Ti. 3 If t § be TOiijn^ate to the normal at / then ' i* h ton 
jugate to the noinial at Q 

E^ 4 The fcn.al peipeiid cnlai's iipou. OP mil (.]> when pic 
diiced. baekwarli, Mill intei-s it CD aiil LP on the tliiettiii. 
(4pplj Prop XXIX Ex 2) 

Ex The fociia ib tlie orthocectie cf the tnanxjle formed bj 

inj two coiijuf,ate iliduietera aiid the i.hre:,tn\ (See Piop S, 
Ex 1) 

Ex. Anj diameter i6 a mean piopoitional between tht, focal 
diotd paraHul to it aiid the iiia]ji avta [The conjugate diimetei 
CD will biRett the focal thorl Ta«n apph Pijp XXII and 
Prop XXIII E\ 16] 

Ex 7 The lectanele unki the intciceptB on aii> taji^ent 
between the cune and any two conjugate d ameters la e^ual tu 
the equaie of the semi diametei paiallel to the tingent, and 
comei els 

Let the tangent at Q meet the coujuvate acmi diametei a OP 
CD m 2, T, and kt tit la the semi diametei parallel fo TT 
Let the tangent at R paiaHel to CQ meet GD in ( Diiw the 
ordinatea QY, Rv with respeut to CD, paiallel to OP, Then 

CV. CT' = Cv,Ct^ Olfi. [Prop. XXIL 

By similar triangles, 

qT:OR=GV:Cv=^Ct:Or = CR:(ri". 
Therefore QT.QT'^iP 

Ex. 8. GfiveiJ, in magnitude aljost avtvo eonjugat 
semi-diameters GP, GD of an ellipse ft d tl en jo a d m oi axes 

Produce CP to K, such that (.1 1 1 =il Bice t CK n 
and let the line thi-ough at i It a gle to CK eet the 1 n 
through P parallel to CD ill II. W th cent e -5" and rad la ^'C 
describe a cirde cutting P3 in T T the ircle t\ 11 also pas 
through A'. Then CT, CT will co c ie iv th the d ract ous of 
the major and minor axes lespect elv 

Sav PT .PT ^GP .PK = CIP , tl erefore CT il are eo jugate 
diameters (Ex. 7), and aa tliey are at r gl t angles they uu^ t 
coincide with the directions of tl e jo a d u or axes (Cf 
Prop. XXXIII., Ex. 3 ; see also M ^c !k e Lx n 1 1 s 1 14 
15, 16.) 

To determine the magnitudes of t! e a\e 1 er e tl dt Tl F 
the tangent at P, and applj Pi op XXII , n te 

Ex. 9. PP' is a fixed line. Find the locus of a point Q which so 
moves that § Fbeing drawn in a fixed direction to meet PP' in F, 
en is to PF. P'Fin a giten ratio. 

Bisect PP' in C, and tlirough Cdraw CD in the fixed direction, 
Bucli that CI^ is to CP^ in the given ratio. Then the locus of § 
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■will be the ellipse desei-ibed -with, CP and CD as conjugate semi- 
diameters (Ex. %\ Apply Prop. XII., and cf. Prop. XXXII. 

Note.—U QV^^PV. P' r, the semi-diameters CP, CD will be equi- 
cOK^ugate. In this case the position of the major and minor axes 
may be at once determined, as they biaeeb the angles between the 
equiconjugate diaoneters. (See Prop. XXXL, Ex. 3 ) 

Ex. 10. A sei'ies of ellipses have their equiBOujugate diametei's 
of the same magnitude. One of these diameters is fixed and com- 
mon, while the other varies. The tangents drawn from any point 
on the fixed diameter produced will touch the ellipses in joints 
situated on a cirde. (Apply Prop XSII.) 

Ex. 11. If CJV, GP are the abscissa and ordinate of a poiat P on 
a circle whose centre is C, and NQ be taken equal to NP, and he 
inclined to it at a constant angle, the locus of § is an ellipse. 

Def, Chords which join any point on an ellipse to the 
extremities of a diameter ai'e called suppleTtiental chords. 



Proposition XXXL 
Supplemental chorda of an ellipse arepKiTuUel to conju- 
mte diaviders. 




Join any point Q on the ellipse to the extremities of a 
diameter L03f. Then QL and QM are supplemental 
chords. 

Draw OF, CD parallel to QL, QM respectively ; then 
they shall he conjugate diameters. 
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Because LM is bisected in C and CP is parallel to LQ, 
GP bisects MQ, [Euo. VI. 2. 

and, therefore, all chords parallel to CD. [Prop. S. 

Therefore CD bisects al! chords parallel to CP, [Prop. XXX. 
and is therefore conjugate to CP. 

Ex 1 Prove tliat for anv assumed pair of conjugate diameters 
there can be drawn i pair ol supplemental chords parallel to them, 

Ex. a Tlie diagonals if any parallelogram ciroumscribed to an. 
ellipse aie conjuaate diameteia [Tlie diagonals pass through the 
witie uf the ellipse Then see Note on Tang^it-Frqpertim, 
Ex i, 3] 

Ex i Ihe diagonals of the rectangle formed by the tangents at 
the Extremities of the raajoi and Minor axes of an ellipse are equi- 
eonjugate diameters. 

Ex. 4. The tangent at any point Q on an ellipse meets the equi- 
ooniueate diameters in T and f. Prove that the triangles ^OF 
and QOr are as Or : CT'\ [Apply Prop. XXII.] 

* Proposition XXXIL 

The square of the m^dinate of any foiiit on an eiUpse 

with respect to any diwmeter varies as the rectangle v/nder 

the segments of the diameter made hy the ordmate. 

(QV':PV. F'V^CI)^ : CP^.) 




Let QVQ' be a double ordinate with respect to the 
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diameter POP', meeting it in Y. Let CD be tlie serai- 
(lianieter parallel to QV. 

Now GP bisects QQ' and thei-efore all chords parallel to 
I^For CD. [Def. and Prop. X. 

Therefore CD is conjugate to CP. [Def. 

But QV. Q'V-.PV. P'F= CD^ : GP'^ [Prop. xn. 

and QV=^(/V. 

Therefore QV^ ; PV. P'Y= GTfi : GF^. 

L M, X respe<;tiv<'ly, prove that 

"Proposition XXXITI. 

// CP, OD he two conjugate semi-diainetere of an ellipse 

and ordinates PN, DR he drawn to tJie iiiajor axis, then 

(i > PiV ■.GR = DR: CN = CB : GA . 

(ii) CN^+CJT'^GA^. 




Let NP and JID produced meet the auxiliary circle in 
p and d. Join Gp, Gd, and let tlie tangents at P and j) 
meet the major axis produced in T. [Prap. XSY. 

Then, heeause FT is parallel to GD, [Props. X. and XIV, 
the triangles NPT and RDG are similar. 
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Therefore NT: RC=PN:DR ; [Euo. VI. 4. 

but PN:'DR=pN:dR, [Prop. XL 

therefore NT : RG = pN : dR, 

and the angles pNT and dRG are equal, being right 
angles. Therefore, the triangles NpT and RdO are 
similar. [Euc. VI. 6. 

Therefore the angles ^^TA'' and dC'R are equal. 

Therefore pT is parallel to dC and the angle i^CP = the 
angle CpT—a, right angle. 

Therefore the angle pGN=ihQ angle CdR, each being 
the complenaent of the angle dCR. 

Therefore the two triangles pON and dCR are equal in 
every respect. [Euc. I. 26. 

Therefore CE=pA" 

and rN:OR = PN:pN 

= CB:OA. [Prop. XI. 

Similarly DR : 0N= CB : CA. 

Again, (;N-^ + GR^ = GN^+pm 

= Gp^ = GA^. 

Ex. 1. If GQ be perpendicular to ^T, prove that 

0Q.QT:CT^==CiY.1W:C:D\ 
Ex. 2. If the normal at F meets tlie major and ininoi' axes in G 
ami ff respectively, prove tliat 

(!) PG:OD^CB;OA, 
ill) Pg:CI>=CA:CB, 
(iii) P&.Pg^CDK 
Ex. 3. Prove that if two conjugate diameters be at right angles 
to each other, they must he the major and minor axes of the ellipse. 

Ex. 4. Prove that 

{SP- CAfHSD- GAy=CS'. 
Ex. 5. If the tangent at the vertex A cat any two conjugate 
([iaiiieters in Ta.nd t, show that AT. At = 01?. 

Ex. 6. Apply Prop. XXII. to prove this pioposition. 
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If the tanfjents at i'aiid i)iiieet tliemajur axis in J'aiidf, ituiay 
easily be siiowii from the relation 

CR:GX=OT:Ct, 
that GN'^^OB.nt^AR.A'R. 

Then apply Pi'op. IX. 

Proposition XXXIV. 
The sv/iii of the sqxiares of any two conjugate semi- 
diameters is constant. (C'r"+GD-^(!A.- + C'J-i^.) 




Let CF, CD be the conjugate semi-diameters, and let 
PN, BS, be the ordinates to the major axis. 

Then PN:GR = CB:GA. [Prop.XXXllI. 

Therefore PN^ : OR'' = OB^ : CA\ 

Similarly BR'' : ON^ = CB^ : OA^ 

thereforePJV^ -|-i>i£2 ; (?iY2+ CS^ = CB^: 6'^-^ 
but CN^+ GR^ = CA^ ; [Prop. XXXIII. 

therefore PIP + DR^ = CR\ 

therefore GP^+GD^ = GA''-\-OB'. [Euc, 1. 47. 

Therefore, in the ollijise, the sum of the squares of any 
cotiju§;ate semi -diameters is constant, being equal to the 
sum of the squares of tlio semi-axis major and semi-axis 
ill in or. 

Ex, 1, Find thy greatest value of the sum of a pair of conjugate 
diameters. [The diametera must be equieonjugate.] 
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Ex. 2. If P&, Dll be tlie normals afc P and Z), prove that 
/■G^+iJ^^ia constant 

Ex.3. Pro™ that SP.S'P=CI>\ \SP^S'P=tOA. Then 
square and substitute.] 

Ex. 4. OP, OQ are tangents to an ellipse, and SQ is produced to 
meet the directrices in R^ £!. Prove that 

PR . PR' : QR . QR' = OP^ : 0^. 
[If PM and QN be the ordinates, it can easily be shown that 
P R.PR '_ MX.MX ' ^ SP.S'P 
QR.QR- NX. NX' SQ.H'Q' 
Then apply Ex, Z and Note on Tangeni-Propsi-ties, Ex. X., 1,] 

* Proposition XXXV. 
The. area of the parallelogram, formed by the tangents 
at the extremities of a pair of conjugate diameters is con- 
stant. (CD.PF^GA.CB.) 




The tangents at the extremities of two conjugate 
diameters PCP' and DGD' will evidently form a 
parallelogram, [Prop. XIV. 

the area of which is four times that of the parallelogi'am 
CD'I'P, where T is the intersection of the tangents at P 
andD. 
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Let the normal at P meet the major axis m G and 
DOiy in F. Draw the ordinates FN and DR to the 
major axis. 

Then, since the angles at iV and F are right angles, 
the angle (?PJV=the angle GCf =the angle BGR. 

[Euc. I. 15 and I. Z'l. 
Therefore the two right-angled triangles GPiY and DCR 
are similar. 

Therefore PG:GI>^PK:CR 

= CB : GA, [Prop, XXXIII. 
therefore PG . PF : CD . PF^ GB^ -.GA.CB; 
but PG . PF= GW, [Prop, XXVlir. 

therefore GD .PF=CA. CB. 

Again, the area of the parallelogram GBTP 
= OD . PF^' GA.GB = constant, 
which proves the proposition. 

Ex. 1. Fincl the least value of the sum of a pair of conjugate 
diameters. [The diameters are tlie major and tiie minor axis. Cf. 
Prop. XXXIV., Ex, 1.] 

Ex. a, prove that the parallelograni formed by the taagents at 
the extremities of a pair of conjugate diameters is the least that 
can be ciroumacribed about the ellipse. 

Ex. a If PO meets the minor ajcis in a, prove tliat 

(Prop. XXVIII. Cf. Prop. XXXHI., Ex. 2.) 

Ex. 4. If 5Fbs the perpendicular upon the tangent at P, prove 
that SP:Sr==On:CS. 

[In the figure of Prop. XXIIL, 

SP_S'P __ SF+ ST ^ CA 

sr b'Y' W+s'r ci^ 

where CIC is the central perpendicular upon the tangent at /', 

F.x. Ti. Prove tiiat SP. S'P=CDK [Prom Es, 4 
SP.S-P _CD^ 
ST. ST C0 



yGoosle 



104 GEOMETBY OF CON"ICS. 

Then apply Prop. XXIII, Cf. also Prop. XXXIV., Es. 3, and 
Prop. XXXIII., Ex. 2, along with Prop. XXVI., Ex. 4.] 

Ex. 6. It the tangent at P meet the minor axia in T, prove that 
the areas of the trianglea SPS\ STS' are as CS^-.STK [Cf. Prop. 
XXVL, Ex. 1] 

Ex. V. If SQ be drawn parallel to SP and CQ perpendicular to 
DQ, prove that CQ= GB. (See Ex. 4.) 

Ex. 8. The tangents drawn from D to the circle on the minor 
axis as diameter are parallel to the focal diatanceB of P. (See Ex. 4, ) 

Ex. 9. If on the normal at P, PQ be taken equal to the semi- 
conjugate diameter CD, the locus of <2 is a circle whose centre is G 
and radius equal to CA - GB. [Apply Pi-op. XXXIV.] 



Miscellaneous Examples on the Ellipse. 

1. Find the locus of the point of intersection of any 
tangent to an ellipse, with the line drawn from the focus 
making a constant angle with the tangent, 

J;A circle. Cf. Prop. XXIII. Observe that if the vertex of a 
triangle of a given species be fixed, while one base angle moves 
along a fixed circle, the locus of the other base aagle is a circle.] 

2. The line drawn parallel to the axia through -the 
intersection of normals at the extremitie.s of a focal 
chord, bisects the chord. 

3. S, S' are the foci of an ellipse ; S'Jl is drawn equal 
to A A' ; the line bisecting RS at right angles touches the 
ellipse. (Newton, Book L, Prop. XVII.) 

4. Given a focus, the length of the major axis and two 
points on the curve, to construct it. (Apply Prop IV. 
Newton, Book I., Prop. XVIII.) 

5. Given a focus, the eccentricity, and two tangents, to 
construct the curve. (Apply Prop. XXIIL, Ex. 5. 
Newton, Book I„ Prop. XX.) 

6. Given a focus, the eccentricity and two points 
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on the curve, to construct it. (Newton, Book I., 
Prop. XX.) 

[The directrix toucliea the two circles having their centres at 
the given poiiitB, and radii equal to e times their focal diBtances.] 

7. Given a focus and the eccentricity, to de-scfibe an 
ellipse touching a given line at a given point. (Xewton, 
Book I., Prop. XX.) 

[Let S "be the given focus, and F the given point on the tangent 
rPr. (Fig. Prop. XXIII.) Dkiw Sr at right angles to PY, 
and produce it to It, so that TR-= VS. Divide Sit internally and 
externally at the points K, L in the ratio SA ; AX; tJie circle on 
KL as diameter meets BP in ^S".] 

8. The rectangle under the pevpeudiculars let fall from 
any point on an ellipse on two opposite sides of an 
inscribed quadrilateral is in a constant ratio to the 
rectangle under the perpendiculars let fall on the other 
two sides. 

[The proposition holds if instead of perpendiculais on the sides, 
lines are drawn making a constant angle with them. Newton, 
Book I., Lemmas XVIL-XIX] 

0. The rectangle under the perpendiculars let fall from 
any point on an ellipse on two fixed tangents is in a 
constant ratio to the square of the perpendicular on their 
chord of contact. 

10. If two fixed tangents to an ellipse be cut by a 
diameter parallel to their chord of contact and hy a third 
variable tangent, the rectangle under the segments of the 
two fixed tangents, intercepted between the diameter and 
the variable tangent, is constant. 

11. The right line joining the middle points of the 
diagonals of a quadrilateral circumscribing an ellipse will 
pass through the centre. (Apply Ex. 10 and Prop. XXL, 
Ex. 6.) 
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12. If a quadrilateral be circumscribed to an ellipse 
the diagonals will intersect on the chord of contact of the 
aides. 

13. Given two conjugate diameters in magnitude and 
position to construct the ellipse. 

[Through tlie estremiti^ P, P, D, B of the given conjugate 
diameters PCP', DCiy, draw lines parallel to them, forming the 
parallelogram. EFQB.. Divide the half side BE into any number 
of equal parte at E, R", etc. Divide DC into the same number of 
equal parts at /, )■", etc. The intersection of PR and P'r' deter- 
miBea a point on the ellipse.] 

14. Given two conjugate semi-diameters in magnitude 
and position, determine the axes. 

[Let CP, CD be the conjugate eemi-diaiaeters. Draw PR per- 
pendicular to CD, and on PR take PQ, PQ ou opposite sides of P, 
each equal to CD ; then the axes are in direction the Mseotiona of 
tlie angle QGQ, while their lengths are the sum and difference of 

cq, cq.-\ 

16. Given two conjugate semi-diameters in magnitude 
and position, determine the axes. 

[Let CP, CD be the conjugate semi-diameters. Draw PR per- 

Sandiculav to CD, and on it take PQ = OD. On CQ as diameter, 
escribe a circle, and let be its centre. Join OP, cutting the 
circle in E and F; join CE, GF, and take on CE, CF, GA==FP, 
CB=EP. Then GA, CB are tlie semi-axes sought,] 

16. Given two conjugate semi-diameters CP, CD, with 
centre G and radius GP describe a circle, and let KK' be 
its diameter at right angles to CP ; then will the axes of 
the ellipse be equal to KB ± K'D, and parallel to the 
bisectors of the angle KDK'. 

] 7. Any diameter of an ellipse varies inversely as bhe 
perpendicular focal chord of its auxiliary circle. 

15. If any rectangle circumscribe an ellipse the peri- 
meter of the parallelogram formed by joining the points 
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of contact ia twice the diameter of the director circle. 
(Prop. XXIV.) 

19. Given a focus, tiie length of the major axis, and 
that the second foeus lies on a fixed straight line, prove 
that the ellipse touches two fixed parabolas having the 
given focus for focus, 

20. Two givGE ellipses iu the same plane have a 
common, focus, and one revolves about the common focus 
while the other remains fixed ; the locus of the point of 
intersection of their common tangents is a circle. 

[If H be the second foeus of the fixed ellipse. A" of the revolving 
ellipse, and 6[, h^ their semi-minor ajtes, 

where T is the point whose locus is sought.] 

21. TQ, Tq are tangents to an ellipse ; (7Q, G^, QQ, 
GT are joined; QC^ and CT intersect in V. Prove that 
the area of the triangle QCQ varies inversely as 

22. SY, B'Y' are perpendiculars ou the tangent at P. 
Perpendiculars from Y, Y' on the major axis cut the 
circles of which SP, S'P are diameters in /, J respectively. 
Prove that 18, JS', and BG produced meet in the same 
point. 

23. An ellipse touches two given Hues OP, OQ in P 
and Q, and has one focus ou the line PQ. Find the other 
focus and the directrices. 

24. S, 8' are the foci of an ellipse ; 8Y is perpendicular 
on the tangent at P. Prove that iS'F bisects the normal 
at P. 

25. or, CD are two conjugate nemi-diameters of an 
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ellipse ; Rr is a tangent parallel to FD \ a straight line 
CIJ cuts at a given angle PD, Rr in /, J. Prove that 
the loci of I and J are similar curves. [It can easily be 
shown that CI^ -.CJ^^l: 2,] 

26. A system of parallelograms is inscribed in an 
ellipse whose sides are pai'allel to the equieonjugate 
diameters. Prove that the sum of the squares on the 
sides is constant. 

27. OP, OQ are tangents to an ellipse; C'U, CV are the 
parallel serai-diameters. Prove that 

OP.OQ + aU'.GV=OS.OS'. 

28. P, Q are points on two confocal ellipses at which 
the lino joining the common foci subtends equal angles. 
Prove that the tangents at P, Q include an angle equal 
to that subtended by PQ at either focus. 

29. The foci of a given ellipse A He on an ellipse B 
the extremities of a diameter of A being the foci of B. 
Prove that the eccentricity of £ varies as the diameter 
of A 

30. Normals at the extremities P and B of two con- 
jugate semi- diameters meet in K. Prove that OK is 
perpendicular to PD. 

31. If CP, Cr he semi-diameters of an ellipse at right 
angles to each other, pi'ove that 

_l_ + ^_. 

is constant. 

32. Having given the auxiliary circle of an ellipse and 
a tangent to the ellipse touching the ellipse at a given 
point, find the foci. 
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33. Find the locus of the centres of cireloy euttiiig a 
given ellipse orthogonallj'. 

34. An ellipse ia inscribed in a given triangle. If one 
of the foci is known, show how to find the ellipse and its 
points of contact with the sides of the triangle. 

35. Two fixed points Q, R and a variable point P are 
taken on an ellipse ; the locus of the orthocentre of the 
ti-iangle PQR is an ellipse. 
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GHAP'i'ER III. 

THE HYPERBOLA. 

DESCRIPTION OF THE CUETE. 

Proposition I. 
Given the focus, directrix, and eccenti-iciiy of a hyper- 
hola to determine any nutnher of points on it. 




Let S be the focus, MX]\[' the directrix, and e the 
eccentricity. 

Through S draw SX perpendicular to the directrix. 
Divide SX in A so that 

8A = o.AX. 
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A)ao, in SX produced,* take A' so that 

SA' = e.A'X. 
Then A and A' are points on the hyperbola and are its 
vertices. 

Take any point MonA'A produced. Through i\'' draw 
PNP' perpendicular to AA'. With centre 8 and radiua 
equal to e . XN, describe a circle cutting PNP" in P and 
P'. Then P and P' shall be points on the hyperbola. 

Draw PM, FM' perpendicular to the directrix. 

Then SP:=e.XN [Coiiet. 

==s.PN, 
and SP'^e.XN 

^e.P'M. 
Therefore P and P' are points on the hyperbola. 

In like manner, by taking any other point on A' A pro- 
duced, a series of points on the curve may be determined 
lying on tho right hand side of the directrix. 

Again, if M be taken on AA' produced, another series 
of points on the curve may be determined lying on the 
left hand side of the directrix. 

Def. The length of the axis intercepted between the 
vertices {A, A') of the hyperbola is called the transverse 
axis. 

Def, The middle point (0) of the transverse axis is 
caUcd the c&ittre of the hyperbola. 

Def. A straight line BGR passing through the centre 
and perpendicular to the transverse axis, such that 

0B' = GB'^ = CS^~GA^ = SA.8A' 
is called the conjugate axis. 
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The conjugate axis, utilike the minor axis of the elliiise, does not 
meet the curve at all. (See Ex. 3 below.) Ita utility in establisli- 
iiig properfciea of the hyperbola will appear later on, 

Es. 1. The hyperbola is syminetTieal with respect to its axis. 

Convsponcliiig to any point ^ on the line A' A prodnoed, we get 
two pouits Pand F' auch that the chord PP' ia bisected at right 
anglea by the axis A' A. [I>ef. 

Ex. 2. Any two right lines drawn from any point on the axis to 
the curve on op|)oaite sides of the axis, and equally inclined to it, 
are equal, aud converaely. 

Ex. 3. Show that the hyperbola lies wlioUy outeide the lines 
drawn through A and A' at right angles to the axis. 

In order that the circle may intersect th.e line J'.yp', the point JV 
must be so situated that SJ!f may not be greater than the radius of 
the circle SP, tliat is, e . XN. It may ba shown that this is the 
case only when iV doea wot lie between A and A', 

Ex. 4, Hence, the hyperbola consists of ftoo distinct bfam:hes 
lying on op]X)site sides of the lines drawn through the vertices at 
right angles to the axis. 

Ex. 5. There is no lim't t th d' t t wh' h each branch of 

the hyperbola may ext n b h e> h. axis, so that the 

hyperbola consists of tw Ji^ b h 

It ia obvious that th po n anywliere on the 

axis beyond A and A'. 

Note. — It will ba rem b ja a a cunsisti of one 

infinite bi-ancli (Chap. IPpIES dht the ellipse i-^ t. 
closed oval (Chap. II., P 1 E 6) 

Ex. 0. In any conic, if PR be drawn to the diiectiix parallel to 
a fixed straight line, the ratio SP : PR is constant 

Ex. 7. If an ellipse, » parabola, and a hj])eibcla haie the "ianie 
focua and difectrix, the parabola will lie entiiely outside the ellipse 
and inside the hyperbola. (Of. Chap. I., Prop. I., Ex. 6 and 7,) 

Ex. 8. Prove that the locus of a point of triseotion of an are of 
a cu'ole described on a given base ia a hyperbola. 

Ex. 9. If a circle touches the transverse axis at the focus, aud 
passes threugh oue end of the conjugate axis, the portion of the 
conjugate axis intercepted = Cjl^/CB. 

Ex. 10. Prove that the locus of the point of intersection of two 
tangents to a parabola which cut at a constant angle is a hyperbola. 

Let OP, OQ be two tangents to a parabola, cutting at a constant 
angle a. Draw 0!, OU perpendicular to the directrix and SP ; 
then 0/=SF(Chap. T., Prop. XIII.), and 
OS:OI=OS':SU, 
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wliict is a eonataat ratio greater tliau unity since l.0S1'=it — h. 
(Chap. I., Prop. XIX.) "Sxa locua of is, therefore, a hyperbola 
having the same focus and directrix as the parabola. 

Ex. II. P is any point on a given hyperbola («=2). D is taken 
on the axis such that SD = !iA. If ^IP meets the latus rectum in 
K, find the locus of the intersectioa of DK and SP. [The circle on 
A'D as diameter.] 

Ex. IE, The angular point J of a triangle ABC is fixed, and the 
angle A is given, -vrfiile the points E and v move on a fixed right 
line. Find the locus of tiie centre of the circumscribing circle of the 
triangle. [A hyperbola of ■which A is the focus and BO the 
directrix.] 

Proposition II. 
The hyperbola is syminetrical with respect to the con- 
jugate axis and has a second focus (S') and directrix. 




Let S be the given iocus and MX the given directrix. 

Take any point M on the directrix and through the 
vertices A and A' draw AH, A'H' at right angles to AA.', 
meeting the straight line through Jf and 8 s.b H and H' 
respectively. 

Describe a circle on JfH' as diameter, and through M 
draw PMP" parallel to AA', to meet the circle in P and 
P'. Then P and P' aliall he points on the hyperbola. 
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Fox- SH:RM^SA:AX 

and SH' : Mil' = SA' : XA' 

therefore SIT : IIM^ SH' : Mil', 

and the angle HPB' is a right angle; therefore PlI 
hisects the angle SPM. 
Therefore SP : PM= SH : HM 

^8A:AX 
=e. 
Therefore P is a point on the hyperbola. 

Similarly it may be shown that P' is a point on the 
liyperboJa, 

Again, the straight line drawn through 0, the centre of 
the cirele, at right angles to AA', will bisect both AA' 
and PP' at right angles, and will therefore coincide with 
the conjugate axis in position. 

The hyperbola is therefore symmetrical with respect to 
the conjugate axis. 

Hence the two branches of tlie hyperbola, lying on 
opposite sides of the conjugate axis, are such that each is 
the exact reflexion of the other. Therefore, if A'S' he 
measured oS=AS and A'X' = AX, and -Y'jl/j be drawn at 
right angles to X'S, the curve could be equally well 
described with S' as focus and X'M^ as directrix. The 
hyperbola has therefore a second focus jS' and a second 
directrix X'll^, 

Ex. Every chord drawn through the cuiitve (?and terminated hy 
the two branches is bisected at that jioint, [From the symmetrj' of 
the figure.] 

From tliis property the point G is i!jilkd tlie cenire oE the cui-ve. 
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PROPEIITJES OF OnOEDW ANJ) SEGMENTS OF 
CHOEJIS. 

Proposition III. 

Jn tlw kypfi-rhola CA-e.CX (i.) 

CS^e.CA (ii.) 

CB.CX=CA' (iii.) 




We hdvc from the definition 
)SA=,..AX, 
SA'~e.A'X = e.AX'. 
TiierefoE'e, by subl;raction, 

JA'^eiAX'-AX) 

=e.xx: 

Tlierefore CA-e.OX (i.) 

Byaxidition SS' = e.{AX+A'X) 

= e.AA: 

Therefore CS~e.t'A (ii.) 

Therefore Gt^.CX^CA' (iii.) 
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Ex. 1, Given tlie traiiBverse and the coiijugalo axis, find the focus 
aud the directrix. 

Ex. 2. Prove tli«t e^ = 1 + ^fj. 

Ex, 3. If tlie liiie through S parallel to the transverse axia meet 
the iatus recttim in D, then will the triangles SCI), SXD be similar. 

Ex. 4. Prove that 

8X^ : AX.A'X^^CB' : CA\ 

Ex. 5, If any line through the centre meet the jieruendicuiar 
through A to the transverse axis in and the directrix in £, then 
AB is paj^kllel to SO. 

Ex. 6. In Prop. I., Ex. 8, find the distance between tlie centres 
of the two hyperbolas wliich are the loci of the points of triaectiou 
of an arc of a circle described on a givea base. [One-third of the 
given base.] 

Proposition IV, 
The difference of the focal distances of any point on a 
hyperbola is constant and equal to the ir<mt^'i:er^e axis. 




Let P be any point on the liyperbola. Joia P*% 
PS', and through P draw PMM perpendicular to the 
directrices. 
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Then 
and 
Therefore 


SP=e.PM, 

SP-e.PiT. 

ST-aP~e{PW-PU) 

= e.MM' 

= e.XX- 

= AA', fProp. III. 


Ex. 1. Show 1 


imv to coiistnwt tlie hyperbola mechaiiwally. 




First Method. — Suppose a bar 51?, leiigtli r, to revolve round its 
extremity S' -which in fixed. Tlieu if a string of given length I, 
attached to the bar at § and alao to a fixed point S, be always kept 
stretched by ineana of a pencil at F pressed against it (the part i^F 
of the string being in contact with the rod), the pencil will trace 
out a hyperbola with foci at S and iS', and the transi'erse axis equal 
to (!■-;). For 

S'P+FQ^r 
and SF-i-FQ = l, 

ST-SF^r-l^coniU\ii. 
It should he observed that I must be less than )' and greater tlian 

r-ss: 

In the same manner, by making the bar revolve ronnd S as 
centre, the other branch of the hyperbola may be described. The 
other branch may also he described by talcing the string longer than 
the rod by the length ()■ - 1). 

Second Method, — Suppose two equal thin circular discs A and B 
attached to each other, to rotate in the same direction ronnd an axJE 
through their conmion centre ; and suppose the two ends of a fine 
string (which is wrapped roii ad the discs and passing tliroueh small 
rings at C and D in the plane of the discs, is kept stretched by the 
point of a pencil at F) to be wowwd off from the two discs. ""' 

curve traced by P will have tlm property CP-T>F=^- '— ^ 

■will, therefore, be a hypei'bola. 
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Ex. 2, Given tlie foci and tlits traiisvei'se axis to determine any 
number of points on the curve. 

IJescribe a, cii-ele with centre .Sand anyradiua r ; dessciibe acirele 
with centre S' and radius =i-+jljl'. The two circles mtersect in 
points on the curve. 

Ex. 3. Given a focus, a tu,n;j;eut, and a point on an ellipse, pivi 

tliat the looua of the ''■'--" " " - ' '-'- '^'■~ '-"■ — " 

tlie givejt point and 
II., Prop. XXIII.] 

Ex. 4. Given a focus, a tangent, an'l two points on an ellipse to 
construct the curve. (Newton, Book I., Prop. XXI.) 

Es, 5. Given a focus, two tangents, aucl a point on an ellipse to 
construct the curve, (Newton, Book I„ Prop. XXI.) 

Es. 6, Given a focus, the eccentricitj", a tangent, and a i>oint on 
an ellipse to eonatruct the eiir\'e, (Applj- Cliap. II., Pi'op. XXIII,, 
Ex. 5. Newton, Book I., Prop XX.) 

Ex, 7. The difference of the focal distances of any point is greater 
than, equal to, or less than the tiansvei^ie axis, accoi-diiig as the 
point is within, upon, or without the hj-perbola, and conversely, 

Ex. 8. The locus of tlie centre of a circle which touches two fixed 
cii-cles is an eUipaa or ahyperbola. (Cf. Chap II.,Pro]>. IV., Ex, 4.) 

Ex. 9. Given one focus of an ellipse and two points on the curve, 
tJie locns of the other focus is a hyperbola. 

Ex. 10. A parabola passes through two fixed pohits, and has its 
axis parallel to a given fine ; i)rove that the locus of its focus is a 
hyperbola, 

Ex. 11. Given the base of a triangle and its point of contact with 
the inscribed circle, show tliat tlie Joeus of its vertex is a hyperbola. 

Ex. 12. Find the locus of the intersection of the tangents from 
two given points A and U to al! circles touching AB at a given 
point 0. 

[An ellipse when is outside A and S ; a hyperbola when is 
between A and S, except when CA = 03, in which ease the locus is 
a right line.] 

Ex. 13. An ellipse and a hyperbola having the same foci inter- 
sect in P, If CA, C'a be their semi-axes major respectively and PA' 
the ordinate of P show tb it 

CA C& = C\ Ca. 

Ex. 14. P IS an% ponit on an ellipse, of which OA, CB are the 
semi-axes ; CD vi the semi Iiametei conjugate to GP ; Gh ia the 
semi-conjugati' »xis of tie nfocai h'sperbola tlirough P. Prove 
that iB^+Cb^=tifi. 

Let fa = semi ti lus^eise axis. 

Then 
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F.x. 15. SY, S'l" ai'B the focal pBi-peiidiculars on the tangent at 
illy- point F of an eltiiDse, Prove that S'V. I'Y' ia eq^iial to the 
siiiiai'e on the aemi- conjugate axis of the confooal hyperbola 
through 1'. V-ll' ^^1^^_J!R. 

Lft PI" ^rrrPf' 
sr_sr_ GB 
i'T "PY- .JTrrpr' 

Apply Ek. 14. Cf. Prop. XSI., Ex. 8.] 

Ex, 16. Two adjacent aides of a quadrilateral are given in 
magnitude and position j if a circle can be inscribed on the qiiadri- 
iateral, the looiis of tiie iutaraection of the other two aid«s is a 
hyperbola, 

Ex. 17, Prove that the circle in Prop. I., Ex. 12, alwaya touclies 
ii fi sed circle, [Centre is second f ooua of the hyperbola, mdiuH = trans- 

* Phoposition v. 

The lahis rectum of a hyperbola is a third jfi-opor- 

tional to the transverse and conjugate axes. {SL= fiT') 




Let LSL' be the latus rectum. Draw LM perpeu- 
dictiliir to the (lircctris. 
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Then CS^e.CA. [Prop. III. 

^L^e.LM [Def. 

= «.SX 
TliCTofovo HI . CA -CS.SX 

- races- CJ) 
= 0^-03. CX 
-CS'-CA' [Prop. III. 

- els'. [Dd. 
Y,:i. Pmve this pvopoaitioii Ly means of TiDp. III., ]i]x. 4, 

^ PaoPOSITION VI. 

Any focal chord of a hyperbola is divided harononi- 

cnlly hy the focus and ddredrix; and fooal chords are 

to one another as the rectangles contained hy their 

wgmentx. 




Produce the focal chord PSp fco meet the directrix in 
D, and draw PM and pni perpendicular to the directrix. 

Tlien PB : pj) = PM : pm ; 

but PS=e.PM, 

aiid pS= e .pm ; [Def. 
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therefore FB :pD=-PS: f>S. 

Hence Pp is divided liaraionically in S and D. 

Again, FD, SD, and pD being in hariaoiiic progression, 
PjI/", SX, and pm. are .also in Iiarmonio progression. But 

SP:PM=^SL:SX=Sp:p7r, = e; 
therefore SF, ^L, and 82^ are also in harmonic progres- 
sion. Therefore 

ay_2 SP.Sp _ '2SP.Sp 

'" ' SP+Sp Pp ' 
therefore the focai chord Pp varies as SF.Sp. 

Proposition "VII. 
If any chord QQ of a hyperbola intersects the directrix 
in D, 8D bisects the, angle hetu'een 8Q a'nd SQ'. 




First, let Q and (/ be on the same branch of the 
hyperbola 

itraw QM, QM' perpendicular to the directrix. 
Then, by similar triangles, 

QD-.qB^QM-.QM' 
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Therefore SJ) bisects the e^enor angle Q'tiq. [Euc. VI, X 

Secondly, lot Q, Q' bo on opposite branches of the 

hyperbola ; then it may be similarly uhown that SD 

bisects the vnttn'ior angle QSQ'- [Euc. vl, 3. 




Ex. 1. Prove tliat a. straight line can cut a hyperbola i.i two 
points onli'. (Cf. Cliap. I., Prop. X., Ex. 8 ; Cuap. IL, Prop, 
VlII., Ex. 9.) 

Ex. 2. If two points Q, Q' on a hyperbola be joined wiUi a 
thiid variable point on tlie curve, llie segment qq' intercepted 
on. either directrix hy the chonis QO and yO produced, subtends 
a. constant angle at the corresponding focus. 

Ex. 3. Given the foeua and three pointa on a hyperbola, find 
the directrix and tlie axis. 



FllOPOSITION Vlil. 
Tlie square of tlia m'di/iiate of any "point on a hyperhoUi 
varies as the rectangle under the segments of the axis 
produced, made hy the ordinate. 

{Pm : AS'.A'Ii = GB^ : GA"".) 

Let FA' bo the ordinate of any point P on the Iiy]>er- 

bola. Let PA., PA', produced if necessary, meet the 
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directrix in D and D'. Join jS'P, HI), HD', and produce 
PiS" to meet the curve in p. 




Then, from the similai' triangles FAN aud i)AX, 
PA'':AN'^J)X:AX. 
Also from the similar triaugles FA'N and D'A'X. 

PF:A'F=D'X:A'X; 
therefore PN'^ -.AN. A'N= PX.IfX: AX . A'X. 

Again, SB and SD' bisect the angles pSX and PSX 
respectively ; [^''"l*- ^li- 

therefore the angle DSD' is a right angle, aud 

DX.D'X=SX\ [EucVl.a 

Therefore PW^ lAX. A' 11= SX"- : AX . A'X. 
But the ratio SX^:AX .A'X is constant; therefore the 
ratio PiP* : AN. A'N has the same value for all positions 
of P. 

To determine this constant value we have 

SA:AX = CS:CA; fProp. JII, 

therefore HX:AX^Gy^+GA:GA. 

Similarly SX : A'X ^GS-CA:CA- 
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therefore SX"-:AX.A'X = CS''~CA^:OA^ 

= CB^:CA^; [Def. 

therefore PN'^UI^. A'lT^ CB"- : CAK 
Ex. I, Prove that 

Ex. 2. Having sUown tliat 

FN^ : AJV. A-^^SJ^ : AX. A'X, 
apply Prop. V. to complete the proof. [Make F coiiiciile ivith the 
extremity Z of tlie latiis rectum. J 
Ex. 3. Prove that 

C^ FI^_, 

Ex. 4, JVQ parallel to AB meets the coKJugate axia in Q. Show 
fi^t QB.Qff=FjV\ 

Ex. 6. § is a point on the curve ; AQ, A'Q meet PA' in I) and 
M; prove that DN.EN^FNK 

Ex. 6. n a point P moves Buch that PN^ : AN. A'M in a con- 
stant ratio, FN being the distance of P from the line joining two 
fixed x>ointB A, A', and N failing outside AA' ; the locua of ^ is a 
hyperbola of which j1 J.' is aa axia. 

Ex. 7. PNP' is a double ordinate of an ellipse ; show tliat the 
locus of intersection of AP' and A'P is a hyperbola. 

Ex. 8. A circle is described through A, A' and F. If NF 
meets tJie circle again in Q, the locus of § ia a hyperbola. 

Ex. 9, jV§ is a tangent to the circle on AA' as diameter ; PM 
ia drawn parallel to t'Q, meeting AA' in M; show that MN=C'B. 
[The triangles PMN, (jGN are similar.] 

Ex. 10. A chord ^i> is divided in Q, so that AQ : QP=GA^ : OB^. 
Prove that the line through § at right angles to QN is parallel 
to A-P. 

Proposition IS. 

TliS lociLs of tlte middle points of any system of 
parallel cJio-rds of a hyperbola, is a straight Ivne passing 
through the centre. 

Let QQ be one of a system of parallel chords, and V its 
middle point. 
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Draw QJf, QM' perpendicular to the directrix ; draw 
SY perpendicular to QQ' and produce YH to meet the 
directrix in K. Produce QQ' to meet the directrix in R, 
andjoinSe, Sg', 




SQ-.QM^sq-.QM' 
= QM:Q'H' 
= qii:qE; 
therefore 

SQ'-sq'-.qR'-qR'-sqt-.qif. 

But Sq-Sq'~qY^-qY' [Enc. 1.47. 

= {QY+qY){QY-qY) 

~2.Qq.Yr. 

Similarly qm-qB?-%.Qq .BY; 

therefore Yr-.EV^Sq'-.Qir. 

Now, the ratio SQ.QM is constant; also, the ratio 
QM -. QR is constant, since Qq is drawn in a fixed 
direction. Therefore SQ : QR is a constant ratio ; there- 
fore also YV : RV is & constant ratio for oil chords of the 
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system. But as R always lies on a fixed stiuight line 
(the directrix), and Y on another fixed straight line (the 
focal perpendicular on the parallel chords), intersecting 
the former in K, Fmust also lie on a third fixed straight 
line, passing through the same point K. 

Again, corresponding to a system of parallel chords in 
one hranch of the hyperhola, there is in the other branch 
another system exactly similar thereto; and the middle 
points of the chords of both the systems must lie on VK, 
which therefoi'e divides the two branches symmetricallj'. 
Hence, from the symmetry of the curve about the major 
and minor axes, and therefore about the centre, VK must 
pass through 0. 

Hence the diameter bisecting any system of parallel 
chords of a hyperbola is a straight line passing through 
the centre. 



* Proposition X. 

If any two parallel chords of n hyperbola he drwwn 
through, two fixed points, the ratio of the rectangles under 
their segments wiU be constant, tvhatever he the dlrectioiis 
of the chorda. 

Let OPQ be a chord drawn through one of the fixed 
points 0, outside the curve. 

Produce QPO to meet the directrix in It, and join SR, 
SP, SQ. Draw OU, OV parallel to SP, SQ respectively; 
and draw OP, PM perpendicular to the directrix. 

Then liO:RP^OU:PS 

= OP:PM, 
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but 


PS-e.PM: 


tlicreforo 


On=e.OD. 


Similarly 


OV-e OD. 




Describe a circle with centre and radius equal to 
e.OD, passing through C und F; and draw RT, St 
tangents to this circle. 

Now, by similar triangles, 

OPiOR^SU-.nU, 
and OQ:OR^BV:RV; 

therofore OP . OQ:OR^ = SU. SV-.RU.RV 

= St^:RT\ [Eue. III. 3ti. 

Therefore OP.OQ: Sf^ = 01^ : RT\ 

Now, for a given direction of the chord OPQ the ratio 
OR: OP is constant, and, therefore, also the ratio ORiOT, 
since OT^e.OP. Therefore, also, the ratio OR-.RT is 
constant. 

If, now, through another fixed point 0* a parallel chord 
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O'P'Q' be drawn, and similar constructions be made, we 
sliall have OP. OQ:St^=0'F' .O'Q' -.Sf^; 

therefore OP.OQ: O'P' . Q'q = Sf^ : SC^. 
But since the points and (/ are fixed, the two circles 
are fixed in magnitude and position, and, therefore, St and 
Bt' are constants. 

Therefore the i-atio OP . OQ : O'P' . Q'Q' is constant. 

Ex. 1. If a s3'stB!ii of ehords of a hyperbola be drawn through 
a fixed point, the rectanglea contained by their segments are as 
the parallel focal chords, and also as the squares of the parallel 
aetni-dlanieterB where they exist. (Apply Pi-op. VI.) 

Ex. 2. The ordinate^ to any diameter at equal distaucea from 
the centre are equaL 

* Proposition XT. 
// a circle intersect a hyperbola in four 2>oint8, their 
ooininon chords tvill he equally inclAned, tzvo and tvm, to 
tlte axis. 




Let Q, Q' q, q' be the four poinis of inters cction. 
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Then QO .OQ'^qO .Oq'. [Euc. lit. 35. 

Therefore the rectangles under the segments of the focal 
chords parallel to QQ' and qq' respectively ai-e equal, 

[Prop. X, 
and therefore the focal chords themselves are equal. 

[Prop. vr. 

They are, therefore, equally inclined to the axis, from 
the symmetry of the figure. (See also Prop. I., Ex. 2.) 
Therefore, the chords QQ', qq' are equally inclined to 
the axis. 

In like manner it may be shown that the chords Qq 
and i^q', as well as the chords Qq' and qQ', are equally 
inclined to the axis. 



PE0PBETIE8 OF TANGENTS. 
The student should work out the following exercises as 
ilhistratiog the method of deducing tangent properties 
from the corresponding chord -properties. 

I. Deduce from Prop, X., Ex. 1 : — 

1. The tangents to % hyperlwla from an external point are pro- 
portional to the parallel semi-diametera where they exist, and are in 
the subduplicate ratio of the parallel focal chords. 

2. If two parallel taiigents OP, ffP' be met b\" a third tsngent 
at Q, in and 0', prove that 

OP:(yF'=OQ:0'Q. 

II. Deduce from Prop. XI. ; — 

1. PQ and PQ' are chorda of a Iiyperbola equally inclined to the 
axis ; prove that the circle PQQ' touches the hyperbola at P. 

2. If a circle touch a hyperbola at the points P and §, show that 
PQ is parallel to one of the axes. 

III. Deduce from Prop. TIL, Ex. 1 : — 

1. A tangent to one brancli of a hyperbola cannot meet the other 
branch. 

See also Prop. XII. and XUI. 
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PiwrosiTiox Xn. 



Tfie tanyent to a hyperbola at either end of a diameter 
" i to the system of chords bisected by the dia/meter. 




Let P'CPV be the diameter bisecting a system of 
chords parallel to Q<^. Let QQ' be made to move 
parallel to itself, so that Q may coincide with V. Since 
QV is always equal to Q^V, [riop- X. 

it is clear that Q will also coincide with V, aad the 
chord in this its limiting position will be the tangent to 
the hyperbola at P. 

Ex. 1. The tangent at the vertex is at right angles to tlie trana- 
of two parallel 



pROK>SITION XIII. 

Tile 'portion of the tangent to a hyperbola at o,ny -point, 
intercepted hetween that point and the directrix, subtends 
a right angle at the focus, and conversely. 

Also, tangents at the ends of a focal chord intersect on 
the directrix. 
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First, let any chord QQ' of t!ie hyperbola intersect the 
directrix in Z; then SZ bisects the exterior angle Q'Sq. 

[Prop. VIL 
Now, let the chord QQ be made to turn about Q until the 
point (^ moves up to and coincides with Q, so that the 




i;hoid becomes the tangent to the hyjierbola at Q. In 
this limiting position of the chord QQ', since Q and Qf 
coincide, the angle Q8Q' vanishes ; therefore the angle 




QSq becomes equal to two right angles, iiut since tiZ 
always bisects the angle Q'Sq, in this case the angle QSZ 
is a right aoglc. 
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Conversely, let QZ subtend a right angle at S, then it 
shall be the tangent to the hyperbola at Q. For if not 
and if possible let QZ be the tangent at Q. Then the 
an^le QSZ is a right angle, which is impossible ; therefore 
QZ is the tangent at Q. 

Secondly, let QSq be a focal chord and QZ the tangent 
atQ. 

Join ZS. Zii. 

Then the angle QS,Z being a right angle, the angle ZSq 
is also a right angle. Therefore qZ is the tangent to the 
hyperbola at g. Therefore the tangents at Q, q intersect 
on the directrix. 

Ek. 1. Tailt'ents ,it the extremities of tlie iatiis vectmii intersect 
inX 

Ex. 2. To draw the tangent at a given point of a hyperbola. 

Ex. 3. If §Z, qZ meet tlie lataa rectum procluced in T> and d, 
thea SD = Sd. (Cf. Chap. II,, Prop. XT,, Ex. 6.) 

Proposition XIV, 
If from a point on the tangent at any point P of a 
hyperbola perpendiculars OJI, 01 he dratvn to SP and 
the directrix respectively, then 

811=6. 01, 
and conversely. 

Join 8Z and draw PM perpendicular to the directrix. 
Because ZSP is a right angle, [Prop. XIII. 

^■yS is parallel to 01''. 

Therefore, by similar triangles, 

8U:8P = Z0-ZP 
= OI:PlV; 
bub SP = e.PM. 

Therefore SV^e.OI. 
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srse pvo posit ion, wo have 




Therefore S U : SI' = 01 : F2I 

= ZO:ZI\ 
Therefore U is parallel to Z8y 
and the angle PBZ is a right angle. 
Therefore PZ ia a tangent afc P. 

E 

Uie 

Proposition XA''. 

The tangent at any pmnt of a hyj^erhola malces equal 
■angles with the focal distances of the point. 

Let the tangent at P meet the directrices in Z 
and Z". 

Draw Pjl/ilf perpeudieular to the directrices, meeting 
tliom in M and M respectively. Join SP, iiZ. S'P, S'Z", 
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Then, in tlie two triangles PSZ and PS'Z', the angles 
P8Z and PS'Z' are actual, being right angles, [Pi-o]!). XIII. 
and 8P:ii'P=PM:PM' 

= PZ:PZ', 
?iod tlie aiiglcK PZiS and PZ'S' are both acute angles. 




Therefore the triangles ain oiniiiai-. [Euc. \"I. 7, 

Therefore the angle SPZ=th6 angle S'PZ'. 

Ex. 1. The tangent at the vertex is perpend iciilar to the axis, 

ijx. a n a tw tauj, t a d its point of contact, find tlie- 

IwusofUe tie fo( u, 

Em. 3 JSICp} n l t i tSp meet the tangent at 1' in 

T S-P='^r 

Ex.4 If 

t Tsect at I 

S hC 

Ex If ) 1 tl axes in T, /, the angles J'^l, 

SIF a 111 [II 1 ound SP/i' obviowaly passes 

tl gh^] 

E b Iftl 1 " " " 

S 7 u ^ I ^ tl 
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Ex, 7. Tangents at the esti-emitie^i of a focal choid PSQ moot in 
T. Prove that 

2lPTQ-lPS'Q=2 rigl.t angles. 

Ex, 8. ]', Y' are tlie feet of tlie focal perpendicuiars on the 
tangent at P ; if PiV'be the ordiuate, the angles PJVT, fiVY' are 
anpplementaiy. ll.PJfr=LPSr^LJ'ST=--ir-LPffr.] 

Ex. 9, A parabola and a lij-perbola have a common fociw S, anii 
their axes in the same direction. A line SPQ cuts the ciu'ves in i' 
and Q. If the tangents at P, §nieet in 7", prove th3.ti.PTQ=^i-SS'Q. 
(See Prop. I., Ex. 7.) 

Ex. 10. P ia a point on a hyperbola whose foci are S, S' ; anotber 
hyperbola is described whose foci ai-e S, P, and whose transverse 
axis==5P-2PS'. Prove that the hyperbolas will meet at only one 

fioint, and that they will have the same tangent at that point. 
Apply Pi-op. IV. If § he a point of intersection, QP^QS'^PS' ; 
Q, therefore, is the other extremity of the focal chord PS'.] 

Ex. 11. A chord P/t I'Q meets the directrices in It and T, P, Q 
being on dilferent branches. Prove that PR and VQ subtend, each 
at the focus nearer to it, angles of which the difference is equal to 
the angle between the tangents at P and Q. (Apply Prop. VII.) 

Proposition XVI, 
To draw two tangents to a hyperbola from an external 
'point. 




Let be the external point. 

Draw 01 perpendicular to thu direcbri> 
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centre S and radius equal to e.OI describe a circle. 
Draw OU, OH' tangents to this circle and let US and 
SU' produced meet the hyperbola in Q, Q'. Then OQ, 
OQ' shall be the tangents required. 

For OV is at right angles to SU, [Eue. III. [S. 

and fiU^e.OI 

Thei'efovii OQ is thu tangent to the hyperbola at Q. 

[ri-oji. XI \'. 
Similarly OQ' is the tangent at Q. 

Note.—li ifc had been ueoessary to produce liotk SU and SU' in 
tlie soMie direction, to meet the curve, tile points of conta<'t would 
have been on tlie same branch, instead of being on opposite 
branches, as in the figura 

Es, 1. Akemati^ Construction, — "With centre and radius OS, 
describe a circle. Witli centre S' and radius equal to the trans- 
verse axis, describe another circle intersecting the former in M 
and M'. Join IfM and S'M', and produce them to meet the cui-ve 
in Q and §". OQ, OQ' are tte tangents required. (Cf. Chap. II., 
Prop. XVIIl,, Ex. 1.) 

Es. 2. Prove that only two tangents can be drawn to a hyper- 
bola from an external point. 

Proposition XVH. 

The two tangents that can be draivn to a hyperbola 
from an external point svhtend equal or supplementary 
angles at the focus accordMig as (he points of contact are 
on the sa/me or opposite branches of the curve. 

First, let OQ, OQ' be the two tangents from 0, Q and 
Q' being on the same branch of the curve. 

Join SO, SQ, S(^, and draw 01, OU,OU' perpendiculars 
upon the directrix, SQ, SQ respectively. 

Then SV = e.01 = SU'. [Prop. XIV. 

Therefore OU=OU'. [Euc 1. 47. 

Therefore the angles OSU and OSU' are equal, [Euc. I. 8. 
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nnd they are the angles which the tangents subtenrl at 
the focus. 




Secondly, let Q and Q' be on opporiite branches of the 
Thou it may bo aimilai'ly proved that the angles 




OSU and 08U' are equal ; therefore the angles Oii'Q and 
OSQ' are supplementary. 

Ex. 1. In Fig. 1 prove that OQ, OQ' siibtentl eq\iai angles at S". 

Ex. 2. The portion of any tangent intercepted between the 
tangents at the vertices, Eubtenda a right angle at either foetid 

Ex. 3. Find the locus of the centre of the inscribed circle of tlie 
triangle iSQS'. [The tangent at the vertex ,1.] 
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Ex. 4. Sliow tiiat tlie chord of ooiitaet §^' is tiivided liannoiii- 
cally by SO and the directrix. 

Ex. f). If I'lY ha the ordinate of P, and PT tke tangent, prove 
that SP:ST=.i2f:AT. 

Ex. 6. Two points P and Q ni-e takeu on tlie same branch of the 
curve and on the same side of the axis ; prove that a circle can he 
drawn touching the four focal distances, [Tlie centre ia the point 
of intersection of the tiuigenta at F and Q. Apply Prop. XV!] 

-' Pl!()PC)SIT10X XVIII. 

I'he twu tangents that can be drawn to a hyperbola 
froTTi an exte'i'nal povnt make equal or swppleinentary 
angles with the focal distances of the point according as 
the points of contact are on the opposite or sam e branchf.ft 
of the curve. 




Fi/rst, let OQ, OQ' be the t\s'0 tsingents from 0, Q ana (/ 
being on opposite branches of the curve. 

Join SQ. S>^, SO, S'Q', S'Q, S'O, and produce QS to M. 
Let H be the point of intersection of S<^ and S'Q. 
Tlien the angle SOQ 

= the angle OSR — tlie angle OQS [Euc, I. 32. 

= half tho angle Q'.S'B-half the angle SQ^S' 

[Props. XVII. and XV, 
= balf the angle 6'i/Q. 
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Similarly the aTijt'Je S'OQ' 

= half the angle S'//Q'. 
'Cherefore the angle .S'0!2 = the angle S'OQ'. [E«c, 1. 1 




Seoiyiidly, let Q, Q' be on the same branch. 
Then the angle SOQ 

= two right angles — the angle OSQ — the angle OQS 

[Euc. I. 32. 

= two right angles— half the angle QiS'lJ' — half the 

angle 8QH' [Prop. XVH. and XT.' 

= two right angles — half the angle 8HS', [Buu. I. 32. 

Again, the angle S'OQ' 

= two right angie.s — the angle GO'S' — the angle OS'Q' 
[E«o. I. 3:2. 
= half the angle .SYS'- half the angle QS'Q'. 

[Props. XY. and XVI f. 
= half the angle i>'jy»?' 
Therefore, the angles iS'OQ and S'OQ' are t{)gether equal 
to two right angles. 

Ex. 1. Tangents are drawn from, any point on a, circle throuffli 
tte foci. Prove that the lines tiaeoting tke angle between the 
tangents, or between one tangent and the other produced, ail 
pass thvoiigh a fixed jioint, [A point of interaection of the cii-ole- 
with the conjiijrate axia.] 
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Ex. 2. A hyperbola is deacrilied, touching the four sides (pro- 
duced, if necessary) of a quadrilateral ABGD which is inscribed in 
a circle. If one focus lies on the circle, the other also )ies on it, 
[lS'CD=lSCB = lSAB= lSAD."] 

Proposition XIX. 
Ths tangents at the extremities of any chord of a hyper- 
bola intersect on the diameter which bisects the chord. 




Let QQ' he the chord aud qq' any other chord parallel 
to it. 

Let Qq, Qq' produced meet in 0. Bisect QQ' in Fand 
let OF meet qq' in v. 

Then QV:qv^OV:Ov 

= qV:q-v; 

but Qv^qv, 

therefore gy = q'v. 

Thus OvV'is, the diameter bisecting the system of chords 
parallel to QQ'. [Prop. IX. 

If now the chord qq' be made to move parallel to itself 
till it coincide with QQ, QqO and Q'q'O will become the 
tangents to the curve at Q and Q' respectively. They 
thus meet on the diameter bisecting QQ'. 
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Ex. 1. Gn en a diameter of a Iij perlwla, to draw the system of 
olior<to bisected bj it 

Ex. 2. If a circle paaaiii^ through any point F on the curve, 
and having ita centre on the normal at Pj meets the cni've a^aiu 
in Q and R, the tangents at § and R intersect on a fixed straight 

[Tlie tangei t at i* aiil Vfl aie equiUy inclined to the axis (see 
Prop. XI.) ; il 1, th^ipfoie, fixe 1 m lirection.] 

Proposition' XX. 

If the tangent at any point Q of a hyperbola meet any 

diameter GP vn T and if QV he the ordinate to that 




Draw tho tangtJiit Fli at F, meeting QT in li, and 
draw PO parallel to QT, meeting Q T in 0. 

Then since POQB is a parallelogram, [Pi'op. xil. 

BO bisects PQ, and therefore passes through the centre G. 

[Prop. XIX. 

By similar triangles 

GV:GP = GO:OR = CP:aT, 
therefore OV.GT^GF'. 

Note. "W^hen the diameter coincides with the trans- 
verse axis the result is stated thuf^ ; — 
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If the tangent at Q meets the transverse axis in T cmd 
QN be the perpendicular on tlie transverse axis. 
CN.CT=GA\ 
From this it may be shown that 

If the tangent at Q tneets the conjiigate axis, 'produced 
if necessary in t, and Qn be tfte perpendicular on tJie 
conjugate aads, Cn.Ct = GB\ 

QiV. Ct „ Q M^ _Qjn _ ^ qN-^ 

ON. CI' CJV.iVT'vN^-CjT.OT OS'^-CA^' 

.-. On . Ct=CBK [Prop. VIII. 

Tliese two results are important, and should be carefully noted 
by the student. 

Ex. 1. If the tangent at § meet the transverse a.iis in T and 

(JjV be the perpendicular on the traiisverse axis, show that 

CN. NT^AS. NA'. 

Ex. 3. In Ex. 1, if TD he drawn perpendicular to the axis to 

meet the circle described on 2\.A' as diameter, then UN touches 

the circle. 

Es. 3. In Ex. a, prove that 

DN:qN=CA:GB. 
Also if T>A be pi-oduced to meet 7'jV in K, 
qS:NK^aB\€A. 
(A|jply Prop. "VITI., and see Ex. 1.) 

Ex. 4. Any diameter is cut harmonieally by a tangent and the 
oiiJinate of the point of contact of the tangent with respect to the 
<lianiet«r. 



Ex. 6. If I'N be the ordinate of a point P, and Sq be drawn 
jiaralle! to AP to meet CP in q, AQ shall be parallel to the 
tangent at P. 

Ex. 7. If the tangeiit at /' intersect the tangents at the ver- 
tices and the transverse axis in M, r and T, show that 



(i) AT.A-T=^OT.TN. 
(ii) Alt. A-r=CB\ 
Ex. 8. P in any point on a hyperbola. Prove that the locus 
of the centre {Q) of the circle touching SP, S'P produced, and the 
transverse axis, is a hyperbola. 
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[Let QM be tlie ordinate of Q ; then, if the tangents iit A and P 
meet in F, QSF is a right imgle, and 

QM_SA qM_SA^ 
MS AF' 2l'S A'F' 

QM^:MS.MS'=SA^:Cir-. fix. 7. 

Tlien apply Prop. VIIL, Ex. 6.] 

Ex. 9. The tangent at P bisects any straight line perpendicular 
to AA', and terminated by AP and A'P. 

[Let the tangent at 1\ AP, A'P meet the conjugate asia in (, 
E, E' I'eapeotively. Then 

CE~ CE _ CA . A'N - GA' . AX_ -ICA:^ _2a 
PN ~ AN.A'N"" "'~A!f.A'y PN' 

[Prop. VIII. 
-■. C^-C'^=2C(, or ( bisects -E^,] 

Ex. 10. An ellipse and a hyperbola are described, ho that the 
foci of each are at the extremities of the transverse axis of the 
other i prove thsit tlie tangenta at their points of intersection 
meet the conjugate axis in points equidistant from the centre. 
[The conjugate axes of the two curves are equal in length.] 

Proposition XXI. 

The locus of the foot of the jievpendieiilar drawn from 
either focus upon- any tangent to a hyperbola is the 
circle described on the transverse axis us diameter ; and 
the rectangle under the foc<d perpendiculars on the 
tangent is equal to the squa^^e of the semi-conjugate axis. 
(SY.S'Y'^GB^.) 

Let SY, tS"l" be tlie focal perpendiculars upon the 
tangent at any iioint P. 

Join SI'', S'P, and produce i^Y to meet 8'P in R. 
Join CY. 

Theu in the triangles SPY, EPY, the angle SPY -=ihp. 
angle EPY, [Pi^op. XT. 

the angles SYP, RYP are equal, being right angles, and 
YP i« common. 
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Therefore SP = PR, SY= YJl [Em. I. -20. 

Also SC=CS'; 

therefore OY is parallel to S'P. [Eu.. TT. 2. 

Tliereforo (7F= ^8'B [Eu.. VL 4. 

= i(S'P-Pli) 

= 1{8P-SP) 

^\AA' [Prop. IV. 

^'OA; 
therefore the locus of F is the circle described on the 
transverse axis as diamctci'. 




Similarly it may be shown that the locus of Y' is the 
same circle. 

Again, produce YO to meet S'Y' in y. Then y will be 
on the circle. 

For, since OS=CS', and SY is parallel to ST, the 
triangles SCY, S'Cy are equal. [Rnc. I. 26, 

Therefore Cy = GY= OA, showing that y is on the circle. 
Also SY=8'y, 

therefore SY.S'Y'=S'y.S'Y'=S'A'.S'A [Euc. ill. 35. 
^SA.SA-^OB'-. [Def, 
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Ex. 2. From a point on tbe circle on AA' as diameter lines are 
ilrawn toiiching the curve in P, P'. Prove that SP', S'P are 
parallel [Each is parallel to OT.] 

Ex. 3. li through any point F on tlie circle on AA' as diameter 
yp he drawn at right angles to SY, YP iviU be a tangent to the 
hyperbola. 

Ex. 4. If the vertex of a, right angle moves on a fised circle, and 
one leg passes through a flsed point oataide the circle, the other 
leg will always touch a hj'perbola. 

Ex. 5. Given a focus, a tangent, and a point on a hyperbola, find 
tU« locus of the other focus. [An arc of a fixed hyperbola of which 
the foci are the given, point and the image of the fociis in the 
tangent.] 

Ex. 6. Given a focus, a tangent, and the transverse axis, find the 
locus of the other focus. [A circle ; centre It, radius =ijl /I'.] 



Ex. 8. The right lines joining each focus to the foot of the per- 
l>endieular from the other focus on the tangent meet on the normal 
and bisect it. 

Ex. 9. Alternative Construction for Prop. XVI. 

Let Obe the external point. On OS as diameter describe a circle, 
cutting the circle ou AA' as diameter in Kand ]". Then OTand 
01" produced will be the tangents required. 

Ex. 10. If tangents be drawn from P to a circle described with 
S' as centre and radius equal to CS, the chord of contact will touch 
the . circle described on AA' as diameter. [The line through j/ per- 
pendicular to S'P will be the chord of contact.] 

Ex. 11. If the tangent at P cuts the ti-ansverse axis in T, prove 
tiia,tAT.A'T=YT.rT. 

Ex. 12. Find the position of P when the ai-ea of the triangle 
YGY" is the greatest possible. 

[CY=Cr' = OA: therefore FCT-mustbe a right angle. If the 
tangent at Pmeets CB in (, PjV". Ct=CSK (Prop. XX.) Also the 
triangles (?ra, CFf are equal ; thereiore PJ\' .CS=OJP.] 

Ex. 13. If ST, SZ be perpendiculars on two tangents whioh 
meet in 0, OZ is perpendicular to S'O. [.S"0 is parallel to the 
bisector of YCZ. Apply Prop. XT.II.] 



y Google 



140 GEOMETRY OF CONICS. 

Ex. 14. All ellipse ami a hyperbola are confocal ; if a tEmgent to 
the one intersects afc riffht angles a tangent to the other, the locus 
of the point of intersection is a circle. 

Let Sy, S'F' be the focal perpendiculars upon the tangent to the 
ellipse, and SZ, B'Z' those «pon the tangent to the liyperbola ; let 
the tangents meet at ; let a, fc be the semi-axes of the ellipse, ami 
u, ^ those of the hyperbola, Thenif CFbe perpendiculfti' to TOY', 

or.oY'=rv^-on 
anil co^+or.or=^cr''=cA^; 

0(>^+,SZ.S'Z' = a^ 
or C(P^ai-(^. 

See also Prop. IV., Ex. 14, 15. 

Ex. 15. If an ellipse and a hyperbola are yonfoeal, the diflereuc* 
of the squares of the central distances of parallel tangents is yoii- 
atatit (=6H/?^- Ex. 14) 



•Proposiiion XXII. 

The locus of tlm intersection of tangents to a hyperbola 
which ctit at right angles is a circle. 




Let the tangents OT, O'l" cut at right angles at 0. 

Draw ST, CK perpendicular to OT, and SU, GK' per- 
pendicular to OT". Join G¥, GU, GO, and produce CK 
to meet ^'(7 in //. 
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Now Fimd I/" are on the circle on A A' as diameter; 



Uiereforo 


Cr=GU=OA. 


Now 


CO'-CK'+CK^ [&o. r.47. 


a!id 


CY'^CK'+YK'; 


thurdore 


CA'-GK' + SH'. 


Also 


aiP-CK''+UK-', 


therefore 


CA' = CK-' + HC'; 


therefore 


20A' = CK'+OK''+,SH'+HC> 




= CO' + CSK [E„t. 1. 41. 


But 


OS' = CA'+CB'; ll)d. 


therefore 


CO' = OA'-CB'. 


Hence the locus 


of is a cirde described with centre 0. 



iVoie.— This circle js called the director circle of the hyperbola. 
Ill the case when CB is greater than GA, OA^ - CS^ is negative, and, 
therefore, the locius does not exist, that is, when CB is greater than 
CA the hyperbola has ho tangents cutting at right angles. 

Ex. Fonr tangents to a hyperbola form a rectangle ; if one side 
UV of the rectangle intersect a directrix in. F, and S be the corre- 
sponding focus, the triangles FSU, FVS are similar, 

= 0F'^+CS^-'2GS. CX=CF^-CA'+0& 

— square of tangent from /'' to tlie director circle 

= FU.FV.] 



PEOPEETIES OF NOi-iMALS. 
Proposition XXIII. 
The.nor'mal at any point of a hyperbola nuiJces equal 
angles with the focal distances of the point 

Let the normal HPG at the point P meet the axis 
mCl. 
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Let PT bo the tangent ;Lt P. Then 

the angle 8PT= the angle S'PT [Prop. XT. 




I5ufc the angles TPG and TPH are equal, being right 
angles; [Def. 

therefore the angle iSPfr = the angle S'PII. 

Ek. !. If the tangent aiid noraial at /' iiieet tlie conjugate axis 
in ( and g, P, i, g, S, S' lie on the same circle. 

Ex. % If a circle through the foci meet two confooal hyperholiia 
ill P and Q, the angle between the tangents at P and Q is equal to 

Ex. 3. The tangent at P meets the conjugate axis in (, and (Q is 
perpendicular to SP. Prove that SQ is of constant length. 

[If S r is pei-pendioular to Ct, CY^ CA. Prop. XXI. Abo Q, K. 
C,* lie on a circle. .■.LtQG=aSS'^i-tPS' =aPS. .-. C$||5r,and 
SQ = GY=CA.\ 



V.K. 5. Prove that 8P . f^'P=PG . Pg. (Cf. Chaj). It., Prop. 
XXVI., Ex. 4.) 

* Proposition XXiV. 
If the normal at any point P of a hyperbola, meet the 
transverse axis in G, 

8G==e.SP. 
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Join SI'. 

Then, since PG bisects the extciioi' angle between iS'Z' 
and S'P, 

SV : SG = ST : SP ; [Euc. VI, A, 




tlietofore SV-SGulG --H'P- SP : SP, 

01- SG:BP = SV- i'G : ,i''P -SP. 

But S'a-SG=SS'=e.AA', [Prop. UI, 

and fi'P-SP=AA'; [Prop, IV, 

tlieieforo SG^e.SP. 

Ex. 1. The projec-tioii of the normal upon the focal tlistaiieo of 
any point ia equaJ to the senii-latus rectum. (Of. Cliap. IT., Pro]j. 
XXViL, Ex. 4^ 

Ex. 2. A circle passing tltrough a focus, aud haviug its centra on 
tlie tranaverae axia, touches tha curve ; prove that the focal distaace 
of the point of contact is equal to the latua reetnm. 

Ex. '.i. T^Kiw the noniial at any point witlmnt drawing the 
tangent. 

"'" PlJOPOSITION XXV. 
The nonnal at any poi/tit of a hyperbola terminated 
by either axis varies inversely as tlie central perpen- 
dicvXa/r upon ike tangent. 

(PG.PP^air-; Pfi.PV^CA'K) 
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Let the noi-raal at F meet the trausverae and conjugate 
axis in G and g respectively, and let the tangent at P 
meet them in T and ( respeetivel;'. 

Draw PN, Pii perpendicular to the transverse and 
conjugate axis, and let a straight line through the centre, 
drawn parallel to the tangent a.i P, meet NP, GP pro- 
duced and Pn in R, F, and r reapeetivcly. 




Then, since the angles at iV and F are right angles, 
G, A\ F, R Ui) on a circle. 

Therefore PG . PF^PN. PR [Euc. III. 3o. 

= (hi . Ot [Euc. I. 34. 

= CBK [Prop. XX, Note. 

Again, since the angles at ii and F are right angles, 

(/, F, r, n lie on a circle. 

Therefore Pg . PF= Pn . Pr [Euc. III. 3§. 

= GN.GT [Euc.I.3i. 

=^CA\ [Prop. XX., Note. 

Therefore hoth PG and Pg vary inver.sely as PF. which 
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is equal to the euntral perpendicular upon the tangent 
at P. 

Et. In Prop. XXIII., Et. 1, prove tliat 
Ai^lily Prop. III., El. 2. 

* I'ROPOSJTIOK XXVI, 
// the normal at any point F of a hyperhola meet the 
is in 0, and PA^ be the ordinate to that 

(i) GN:CN=GB^:GA^-. 

(ii) 0C = «2.C.V 



axis. 




Lpt the normal meet the conjugate axis in g. Draw 
Fn perpendicular to the conjugate ajcis, and GF ]>arallcl 
to the tangent afc P. 

Then, because the triangles PNG and Png are similar, 

ON : ON = PG:Fg [Knc. VI. 2. 

^FG.FF-.Pg.FF 

==GB^:GA^; [P™i,. XXV. 

therefore CN+ GN : CiV= GA^ + CS'^ : CA^ 

or GG:GN^rS"~:CA'i [Def. 
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But CS^<i.CA; [Piop. L)L 

thorefori; GG = e^.CN. 

Ex. 1. Prin-e Ih^it 

OG. C'n : Cg. CN=GB^ : CA\ 
Ex. 2. Hlioiv that 

Bn-.Cn^GA^-.CIf. 
Ex. 3. If the tangent anil normal at P meet the axis in T aiitl (/, 
prove that 

(i) NQ . CT= cm. (ii) OG . OT^ CS\ 

[Apply Pi-op. XX.] 

Ex, 4. rind the locus of the points of contact of tangents to a 
series of oonfocal hyperbolae from a fixed point on the axis. 

[From Ex. 3 (ii), & the foot of the normal is fixed ; hence }.' lies 
on the circle of wliieli TG is diameter.] 

PROPERTIES OF ASYMPTOTES. 
Def. Wlieu a curve continually approacnes to a fixed 
straight line witliout ever actually meeting it, but bo that 
its distance from it, measured along any straight line, 
becomes ultimately less than any finite length, the fixed 
.straight lino is called an asymptote to the curve. 

PltOPOSITION XXVII. 

'Hie diaiimials of the rectangle forvaed by perpe-n^ 
iUouloTS to the axes of a hyperbola, dravm through 
their extremities, are asymptotes to the eui-ve. 

Let OJt, GK be the diagonals of the rectangle formed 
by perpendiculars through the extremities A, A', B, B' of 
the axes of the hyperbola. Through any point N ou the 
transverse axis draw pPNP'p' perpendicular to it, meet- 
ing the curve in P and P\ and CR, OR' in p, -p' 
respectively. 

Now PN"- : AN . A'N= GB"- : GA\ [Prop VIIL 

or PN-' : GN'- - CA^ = GB'' : CAi [Euc. II. G. 
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H'ifPERBOI.A. 
■pN'^-PN'' ■ CA^^CB-^ : C'A-\ 




But since pp' is bisected in N, 

pN^-PN"-=^pP.p'P. [li-a^. II. f>. 

Thei-efore pP . p'P^ GB\ 

Now p'P=NP+Np\ 

and NP^ varies as AN . A'N, [Pro]). vni. 

and Np' varies as GN. 

Hence, as JV" moves along A' A proJueed, both MP and 
N'p, and therefore also Pp', continually increase. But 
the product fP . p'P, of which one factor p'P continually 
increases, is constant ; therefore p'P continually dimin- 
ishes, and becomes ultimately less than any finite length, 
however small. CR, therefore, is an asymptote to the 
hyperbola. Similarly, GBf is another asymptote. 

Ex. 1. The Hues joining the extremitiea of the axes are bisec-ted 
by one asymptote and pai'allel to the other. 

Ex. 3. Any line parallel to an asymptote cannot meet the eaw*i 
in more than one point 

Ex. 3. Prove that tlic angle hetween the asymptotes of the 
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hyperbola in Prop. 1., Ex. 10, is doiilile the esterior a]ij>lc lififcweein 
the tangents. 

Ex, 4. Tlia circle on AA' as diameter cuts the directrices in the 
wame points aa the asymptotes. 

Ex.6. If the directrix meets t'/i in F, prove that (i) GF=AC; 
(ii) CJ^5ia a right angle. 

Ex. 6. Given one asymptote, the direction of the other, and the- 
position of one f ociis, find the vertices. 

Ex. 7. If C£ meets the directrii in F, AF is parallel to SB. 

Ex. 8. Given the aaymptotes and a focus to iind the directrix. 
[A,,pl,Ei.5(ii).] 

Ex. 9. Given the centre, au asymptote, and a directrix, to find 
the focus. [A]>ply Ex. 5 (ii).] 

Ex. 10. Given an asymptote, the directrix, and a point on the 
liyi>erbola, to construct the curve. (Ex, 5,) 

Ex. 11. The sti'aight line drawn from the focus to tlie directrix, 
pawUel to au asymptote, is equal to tlie semi-latns rectum, and :s 
Insected by the curve. (Cf. Ex, 13,) 

Ex. 12. The perpendicular from the focus on either asymptote ia 
equal to the aerai-conjugate axis. 

Ex, 13. The focal distance of any point on the curve is equal to 
the length of the line drawn from the point parallel to an asymptote 
to meet the directrix. (Cf. Ex. 11.) 

15x. 14. Given the eccentricity of a hypei-holn, find the angle {&) 
iietween the asymptotes. (aeG^ = c. J 

Ex. 15. Prove that the tangents to a hyperbola from C coincide 
with the asymptotes. 

Apply Prop. XTI., 
bisectii^ SM,SM' at right angles. 

The asymptotes may thus be regarded as tangents to the hyper- 
bola whose points of contact are at infinity. 

Ex. 16. If the tangent abPmeets an asymptote in 2', prove that 
iST will bisect the aji^le between J'S and the hue through S parallel 
to the asymptote, (Apply Ei:, 13 and Prop. XVII.) 

Ex.1 

Ex. 18. 

iubtended 
iisymptoies. 

[Applv Ex. 16 and Prop. XVIII. If S'L\ S'M' be drawn parallel 
to the aayraptotefl, J.S', MS' bisect the angles PS'Z\ FS'M'.j 
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Ex. 19. Given an asymptote, tLe focns, and a point on the hyper- 
lioia to construct the ciirvB. 

[The feet of the focal pei-pendiculars on the asymptote and the 
tangent at the point (Ex. 16) will lie on the circle deacvibed on AA! 
as diameter (Ex. 13 and Prop, XXI.), whence the centre ia deter- 
mined ; the directrix ia fonud at once by Ex. 5.] 

Ex. 20. The tangent and normal at any point meet the asymptotea 
and the axes respectively in four jjointa lying on a circle, which 
passes through the centre of the hyperbola, aud of which the radius 
varies inversely ss the central perpendicular on the tangent. 

Ex. 21. The radius of the circle whidi touches a hyperbola and 
its asymptotes is equal to the part of the ktua rectum intercepted 
between the cur\'e and an asymptote. (Apply Prop. T.) 

Ex. 22. A parabola 1' and a hyperbola H have a common focus, 
aud the asymptotes of H are tangents to P- Prove that the tangent 
at the vertes of P is a directrix of II, and that the tangent to C at 
its intersection with X passea through the farther vertex of H. 

[The line joining the feet of the focal perpendiculars upon the 
asymptotes is the tangent at the vertex of P (Chap. I., Prop. 
XXIII.), BJid the directrix of H (Ex. 5). If jP he a common 
point, and PM be perpendicular to the directrix of H, we have 
M':PM=BC:GA, aud SP^PM^SX. ,-. BP-.SX^-CS: AS. 
.-. SP. AS^SX. CS^OS^=SA . SA'. .-. SP^SA' and A'P touches 
the parabola at P. (Chap. I., Prop. XIV,).] 

Ex. 23. If an ellijffie and a confocal hypeibola intersect in P, an 
asymi)tote passes through the point on the auxiliary circle corre- 
sponding to P. (Apply Prop. IV., Ex. 13.) 

Peoposition XXVIIi. 

If through any point on a, hyperbola a straight line 
parallel to either axis be drawn Tyteeting the asymptotes, 
tlie rectangle under its segments is equal to the sqtiare of 
the aemi-axis to which it is parallel. 

Fwst case. 

Throiigli any lioint P ou tlie hyperbola draw Fpp' 
parallel to the transverse axis, meeting the aKymptotea in 
p aod J?' and the conjugate axis in n. 

Then, since J9j/ is bisected at n. 

Pp . Pp' = Pn?~pn:^. [Kuo, II. s. 
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Now 


FN'-.AN.A'N-Om 


CA', 


[Prop. Till 


therefore 


PN'-.aN'-CA'-aif 


CA^; 


[Em. 11- (i 


or 


Cn':Pn'-OA'=CS' 


oa; 




but 


Cn'-.pn'-CB' 


BR' 






-CB' 


OA', 




thercforo 
or 


i'y^-OA^=im^, 
PH--pn^^CA'\ 




therefore 


I'p.Pp'-OA' 








^ectytid case. 

Through P draw qFq' pai-aiiel to the conjugate 
meeting the asymptotes in g, </. 
Then, as befoi-e, 

PM* : ON' -CA'= OB' : OA', 
or Plf' + 01I':0N'-CB':CA', 

or ]>2/' + 0B':P7,' = 0B':0A'; 

hut qmaV-qN'-.ON' 

-AIT'.CA' 
= CB':OA'; 
therefore qy-PM'+CB', 

or qN'-PN' = OE', 

or Pq.Pq'.^OB'. [Eu< 
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I'KOI'OSITION XXIX. 

If tli/rougli a'ny point on a hyperbola li/iies he drawn 

parallel to the asymptotes, the rectangle under the segments 

intercepted between the point and the asymptotes is con- 




Through any point P on the hyperbola draw PH, PK 
]>arallel to the asymptotes, meeting them in //, A'. Uraw 
RAR' and qP([ perpendicular to GA 
Then, by similar triangles, 

PH:Pq = GR-:]tK, 
and PK:P(^ = CR:EIi', 

thei-efore PIT . PK : Pq . Pq' = GR'.CR: RR'% 
or PII.PK:CB^=CR^-ARA\ [Pi-op, XXVIII. 

^CA'^-^OB^-ACB^ 
= CB-'-ACB\ [Def, 

or PH.PK^ICS^. 

Ex. 1. Find the locus of liie point of intersection of tlie mecliaua 
of the triangle formed fay a tangent with the aaymptotes. [A 
hyperbola having the same asymptotes.] 

Ex. 2. 1', Q are points on a hyperbola. PL, QM are drawn 
parallel to each other to meet one asymptote ; I'li, QN are drawn 
also parallel to each other to meet the other asymptote. Prove 
th^t I'L,Pll=QM.QN. 
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Ex. 3. If through P, P on a, hyperbola lilies are drawn parallel 
to the asymptotes, forming a parallelogram, one of its diagonals 
will pasB through the centre. 

Ex. 4. If P he the middle point of a line which moves ao as to 
form with two intersecting lines a tnawgle of constant area, the 
locus of P is a hyjwrbola 

Ex. 6. If through any pomt of a hvperbola, lines be drawn 
parallel to the asymptotes meeting ani semi- diameter CQ in P 
and ^ then GP.CR=G(^ 

Ex. 6, A series of hyperbolas h-ivui^ the same asymptotes is 
cut by a fixed straight line parallel to one of the asymptotes, and 
through the points of intersection Imes are drawn parallel to the 
other, and equal to eithei axis of the corresponding hyperbola ; 
prove that the locus of then extiemities is a parabola. 

Ex. '7. Given the asymptotes and a point on the curve, to con- 
atruet it. (Apply Prop. XXVII., Ex. 5.) 

Ex. 8. If a line through the centre meeta PH, PK in U, V, and 
the parallelogram PUQ F oe completed, prove that Q is on the curve. 

[If Q JJ, F§ meet the asymptotes in U', F', since the parallelo- 
grams HK, U' V are equal, PS . PK= qU'.qV.I 

Ex. 9. Tlie ordinate NP at any point of an. ellipse is produced 
to Q, Euch that N^ is equal to the subtangent at P. Prove that 
the locus of Q is a hyperbola. 

[If P is on the quadrant AB, the asymptotes are CB and the 
bisector of the angle ACff.'\ 

Ex. 10. If a straight line passing through a fixed point C, 
meets two fixed lines OA, OB in jl, B, and if P be taken on AB 
such that CP''=CA.CB, find the locus of P. 

[Through C draw CD, CE parallel to OA, OB, to meet them. 
Through P draw lines parallel to OA, OB meeting GE in E, and 
DG in H. Then OD. OE=PH. PK. The locus of P is, therefore, 
a hyperbola of which the asymptotes are GH, GIC] 

Def. Two hyperbolas are said to bo conjugate when 
the transverse axis of each coincides with the conjugate 
axia of the other. 



Thus, a hyperbola wMcli has GB and GA for t 
conjugate axes respectively, is called the Conjugate ki/perbola, with 
reference to the one we have been dealing with. 

The conjugate hyperbola has the same asymptotes as the original 
one, since they are the diagonals of the same rectangle. It is 
evident that a pair of conjugate lyperbolas lie on opposite sides 
of their common asymptotes. 
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It haa already been pointed out that the tieo branches o£ :i 
hyperbola together constitute one complete curve ; but it iimst 
not, by analogy, be supposed that a pair of conjugate hyperbolas 
together conatttiites one entire curve. They are a pair of totally 
distinct hyperbolas, although one is of use iu deducing some i>n>- 
perties of the other. 

Ex. 1. Tangents TP, TQ are drawn to a hyperbola from any 
point T on one of the brandies of the conjugate. Prove that I'Q 
touches the other branch of the conjugate. 

[Cr bisects PQ in V, Prop. XIX.; and OT.CV=CT^. Prop. 
XX.] 

Ex. 2. An ordinate JfJ' meets the conjugate hyperbola in y ; 
prove tltat the Jiorniala at P and Q meet on the transverse axis. 

[If the normal at Q meets the axes in G and 0", 
QG' _GA^_CN 

Qa~vip~y<r 

Api))y Props. XXT., XXVI,] 

PEOPOsirroN XXX. 
// throuffh any point on a Ivyferhola or its conjugate 
a straight line be drawn in a given direction to meet the 
», the rectangle under its segments is constant 




Let P be Uw. point on tliu given hyperbola and Q a 
point either on the same hyperbola or its conjugate. 
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Draw pPp' and qQq in the given direction, meeting the 
asymptotes in jj, 'p' and q, q' respectively. Through P, Q 
draw uPu', vQv' parallel to the conjugate axis, meeting 
the asymptotes in u, u' and v, v respectively. 

Now, by similar triangles, 

Pp:Qq^Pu:Qv. 
and Pp':Qq'^Pu':Qv', 

thereloro Pp . Pp': Qq . Qq'^Pv, . Pu' : Qu . Qv'; 
but Pu . Pu' = GB^ = Qv . Qv', [Prop. XXVIII. 

thoroforo Pp . Pp'~ Qq . Qq". 

lit. 1. Prove that 

where GD is the parallel aemi-diameter termiiiatod. by tiie curve 
or its conjugate. 

Ex. 2. An ordinate QV of anr diametei' CF is produced to 
meet the asymptote in Jt, and the conjugate hyperbola in Q'. 
Prove tliafc QV'''+Q'V^=2Rr^. 

Prove also that the tangents at Q, Q' meet CP in points equidistant 
fromC. IQT^-ItV^^CZi^ Forthesecondparfc.apply Prop. XX.] 

Peoposition XXXI. 

If any line cut a hyperbola the seginents intercepted 
between the curve and its asymptotes are equal, amd tlie 
portion of any tangent intercepted between the asymptotes 
is bisected at the point of contact. 

Let any line meet the curve and its asymptotes in Q, 
Q' and q, q' respectively. 

Now- Qq . Qq'=Q'q . Q'q. [Pi-op, XXX. 

or Qq.QQ' + Qq.Q'<f=Q'q'.QQ'+Qq.Q:q'. [Euo.II.l 

or Qq.QQ- = Q'q'.QQ\ 

therefore Qq = Q'q'. 
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If now QQ' be made to move parallel to itself until the 
points Q, Q' eoinciiie at a point P on the curve it becomes 
the tangent to the curve at P and Pp=^Fp' 




Ex. 1. I'rom a given point on a hyperbola, draw a straight line 
such that the segment intercepted between tie other intersection 
with the hyperbola and a given asymptote, shall he equal to n 
given line. 

When does the problem become impossible 1 

Ex. 2. The foot of the normal at P is equidistant from p, p'. 

Ex. 3. Prove that Qq.Qq'=Pp\ 

Ex. 4. If QK be drawn parallel to Gq' and Q'A'' parallel to Cg, 
then Kq=K'q, and Kq=K'q'. 

Ex. 5, The tangent at P meets an asymptote in T, and a line 
TQ drawn parallel to the other asymptote meets the curve in § ; 
if PQ produced meets the asymptotes in B,, R', prove that RR' is 
trisected at Pand Q. 

Ex. 6. The diameter bisecting any chord §§* of a hyperbola 
meets the curve in P ; and QB, PK, QIF are drawn parallel to 
one asymptote meeting the other in H, K, H'. Prove tliat 
CH.CH'=GK\ 

Ex. 7. A line drawn through one of the vertices of a hyperbola, 
rtiid terminated by two lines drawn through the other vertex 
|iai'allel to the asymptotes, will be bisected at the other point 
where it cuts the hyperbola, 

Ex. 8. If qT be the tangent from a, and QH, TK, qi-]' be 
drawn parallel to Cq meeting (To' in H, K, H', prove that 
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Kx, 9, Through any point P on a hyperbola lines are drawn 
parallel to the asymptotes, meeting them in M and JV"; and any 
ellipse is constructed having CM, Cfffor seini-diametera. If CPcut 
the ellipse in Q, show that flie tangent to the ellipse at Q is parallel 
to the tangent to the hyperbola at f . [Each is parallel to MN.] 

* Proposition XXXII. 
The area, of the triangle formed hy the asymptotes and 
any tangent to a hyperbola in constant. 




Let the tangents at tlie vertex A and at any point P 
meet the asymptotes in It, R' and T, t respectively. 

Draw PS, FK parallel to the asymptotes, meeting theui 
in II and K. 

Then, since Tt in bisected at P, 

CT'=2 . CII, [Prop. XXXL- 

and Ct = 2,CK, [Eac VI. 2, 

therefore G7 . Ct^i.CK. CH 

^i.FH.PK 

= CS^ [Prop. XXL\. 

^ CR.cn'. [Def, 

Thei'efore the trinngle CTt is equal to the triangle OUR', 

[Euc. VI. ir,. 

and is, therefore, constsnt. 
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Ex, I. U aiiy t«-o tangents 'je drawn to a liyperbola, the lines 
joining the points where they met the asymptotea will he parallel, 

Ex. 2. If TOl, T'Ot be two tangents meeting one aayniptote in 
T, 7", and the other in (, t', prove tliafc 

Es. 3. Tangents are drawn to a }Lyperbola, and the jwrtioii of 
each tangent intercepted between the asymptotes is divided in a 
constant ratio. Prove that the locus o£ the points of section is a 
hyperhok. (Apply Prop. XXIX) 



PROPERTIES OF CONJUGATE DIAMETERS. 

Phoposition XXXIII. 

If OYie diameter of a hyperbola bisects chords pa/rallel 

to a second the second diametm' bisects chords paixillel to 

the first. 




Let GP bisect chords parallel to CD, then GD hisect^* 
chords parallel to GP. 

Draw AQ parallel to CD meeting CP produced in I'. 
Join A'Q, intersecting CD in U. 

Then, because AQis hisected in Fand AA' m 0, GYxa 
parallel to A'^. [Euc. VL 2. 

Again, since AA' is hisected in G and GJ) is parallel 
to ACl, A'Q, is hisected hy CB. [Euc. YI. % 
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Therefore CD biaects all chords parallel to A'Q, 

[Pioi,. rx. 

and, therefore, all chorda parallel to GP. 

Def. Two dianietera ao related that each bisects chords 
parallel to the other are called conjugate diamietevs. 

Thua CP and CD are conjugate to each other ; ao also are tlio 
transverse and the conjugate axes. 

It is cleai- that of two conjugate 
meet the hyperbok, and the other (as 
hj-perbola. 

The portion CD terminated by the conjugate hyperbola is 
usually called the semi-diametei' conjugate to CP. 

Ex, 1. If any tangent to a liyperboJa meet ajiy two conjugate 
diameters, the rectangle under its segmeuta is equal to the 
square of the parallel semi-diameter. (Cf. Chap. II., Proii. 
XSX, Ex. 7.) 

Es, 2. Given in magnitude and position any two conjugate 
semi-diameters of a hyperbola, find the transverse and conjugate 
axes. (Cf. Chap. II., Prop. XXX., Ex. 8.) 

Ex. 3. Draw a tangent to a hyperbola parallel to a given 
straight line. 

[The point of contact {P) of the required tangent is obtained by 
drawing CD parallel to the given straight line, and OP parallel 
to the tangent to the conjugate hyperbola at D.\ 

Ex. i. If CQ be conjugate to the normal at P, CP is conjugate 
to the normal at Q. 

Ex. 5. OP, OQ are tangent« to a hyperbola from 0. Prove 
that CO, PQ are parallel to a pair of conjugate diameters, (Pi-op. 
XIX.) 

Ex. 6, An ellipse or a hyperbola is drawn touching the aayiiip- 
totes of a given hyperbola. Prove that two of the chords of 
intersection of the curves are parallel to the chord of contact of 
the conic with the asymptotes. 

ITf PP' be the chordT of contact and OV bisect PP, then (.'!', 
PP are parallel to a pair of conjugate diameters in both conies,] 

Def. Chords whicli join any point on a hyperbola to 
the extremities of a diameter are called stqiplemeiital 
chords. 
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J'bOPOSITIOS XXXIV, 



Suppleviental chords of a hyperbola are pamllel io 
conjugate a 




Join any point Q on the hyperbola to the extremities 
of a diameter LGM. Tlien QL and QM are suppl omental 
chords. 

Draw GP, GD parallel to QL and QM respectively, tlieu 
they shall be conjugate diameters. 

Becaxiae LM is bisected in C, and GP is parallel to LQ, 
GP produced bisects MQ, [Euc VL 2, 

and, therefore, all chords parallel to GD. [Prop. IX. 

Therefore CD bisects all chorda parallel to GP, 

[Prop. XXXIIl. 
and is, therefore, conjugate to it. 

Phopositios XXXV. 
Tlie tangents at the extremities of any pair of con- 
jugate diameters meet on the asymptotes, and the line 
johiing the extremities is parallel to one i 
and bisected by the other. 
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Lot t'P, OD be a pair of conjugate semi-diameters. 
Draw rPr' the tangent at P, meeting the asymptotes in 
r and r'. Join Dt and produce rD to meet the other 
asymptote in K. 




i^ow, since P is a point on the curve and J) on its 

conjugate, and DC meets both tlie asymptotes in C and is 

parallel to Pr, [Pvq.s. XII. and SXXIII. 

DC'^Pv.Pr' [Prop. XXX, 

= Pr"-; [Pi'op. XXXI. 

therefore OD^Pr. 

Therefoi-c Dr is paiallel to GP, and Gr, PI) hisect each 
other at 0. 

Again, since Pr — Pr, [Prop. XXXI. 

and Or =00, 

therefore PD is parallel to r'K. [Euc. VI. -2. 

Therefore Ih-=^I)K, [Euc VI. 2. 

and KDr B the tangent at J). [Prop. XXXL 

Ex, 1. If PD be drawn parallel to an asymptote to meet the 
fonjugftte hyperbola in D, CP, CD we conjugate diameterB. 

Ex. 2. Conjugate diameters of a hyperbola ai'e also conjugate 
diameters of the conjugate hyperbola. 



y Google 



IIYPEUBOLA. 167 

iix. 3. OF, OD are conjugate diaiiieters of a hyperboln. I'X, 
}>M are ordinates to the tranaverse aiia. Prove tliat 
(i) CM:PN=CA:CB. 
(ii) BM-.CN^VB-.VA. 
J^et the tangent fco the hyperbola at P and to the conjugate at 
/>, jneet the tranaverse axis m T, t respectively. Tlien OP, PT 
are parallel to Bt, BC. Now 

GT. GX=CA-'=a.CK (Prop. XX.) 
CM:Cy=rT.i ' ■ PT :''!,.- r.Y ■bM=GN -.Mt; 
CN''^-'-y i ■ '/-. (Pi'up. XX,) 

iiiit, PN^:C-\- '..!-=--'/; ' .1^' (Prop. Vlll) 

(i) follows immediately, 

K\-. 4, If the normal at P meet the axes in (V, g. piove tiia.t 
(i) PO:GB=GB:CA. 
{ii} Pg:Cn=-GA:Cn. 
(iii) PG.Pg=CB\ 

ITiie triangles BC21 and PGS are siniilai', aa also the triangles 
DGM bmA Pyn,] 

Ejc. 6. A circle is drawn touching the transverse axis at G, 
and also touching the curve. Prove that the diameter conjugate 
So the diameter tni-ongh either point of contact, is equal to SS. 

[If the normal at P meets the axes in Q, g, and the tangent at 
I- me&UGB ill t,Ct=PG,KaA om=P6 .Pg=Ct.Cg=CS^. Prop. 
XXIIL, Ex. 1.] 

Ex. 6. The area of the parallelogiam foi'med by the tangents 
at. the extremities of any iiair of conjugate diametera, is constant 
avid equal to i.GA. CB. (Apply Prop. XXXIL) 

Ex. 7. The tangent at a point F of an ellipse (centre 0) meets 
the hyperbola having the same axes as the ellipse, in G and T>, 
If ^ be the middle point of CD^ prove that OQ, OP are equally 
inchned to the axes. 

[Draw OrR parallel to PQ, meeting the ellipse and hyperbola 
in r and R ; then OP, Or ai-e eonjusate in the ellipse, aiid OQ, OR 
in the hyperbola. If PJ'i i^J^ rl, RL be the ordinates, we have, 
for the ellipBe, 

py_OB' m 

OyOA-' rV 
Similarly, fur the hyperbola, 

QM_qB''' 01 ,.. .,, 

mroA? ' i-r ''■'■•' 

PN:0N^Q2[:0M.\ 
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Ex. 8. With two conjugate diameters of an ellipse aa aaymu- 
totes, a pair of conjugate hyperbolas ia deaeribed. Prove that if 
the ellipse touch one hyperbola, it ■will also touch the other. 

[The diameters drawn throngh the points of contact are con- 
jugate to each other,] 

Ex. 9, Apply this proposition to prova Prop. X, 

Peopositiok XXXVI. 
Tlie diff&refn^ of the squares of cmy two conjugate 
semi-diameters of a hyperbola is constant 




Let CP, CD be a pair of conjugate semi-diameters. 

Draw the ordinate qPNif, meeting the asymptotes in 
q, <(, and join PD; let PH meet the asymptote in K. 
Join Dq. 

Tlien, since the asymptotes ai'e equally inclined to the 
ordinate qPNq', [Const, 

and PK ia parallel to the asymptote Cq', [Prop. XXXV. 
the angles KqP and KPq are equal. 
Therefore Kq = KP = KR [Prop. XXXV. 

Therefore the circle described on PD as diameter passes 
through q, and the angle PqD is a right angle. [Buc. III. 31. 
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If, thei-eibre, 


oD produced meet the couji 


igate axis in M 


aud the 


iLsyinptote C<^ in q", gMf will be at light angles 


to OB. 








Now 




Cg2 _ C'p£ = q?^i _ pjv^ 


[Euc. I. 47. 






^Fq.P<l' 


[Euc, II. 5. 






= GB\ 


[Pi-op. XXVIII. 


:md 




(-kf^CD' = qiP~T>M- 


[Euc. I. 47. 






^Dq.Bq" 


[Euc. 11, 6. 






= C'A^ 


[I'vop. XXYIII. 


tiierefor 




CF^~CL''^CA^'~CB\ 





Ex. 1. If from any point on an asymptote of a hyperbola, 
•irdinateB be drawn to the curve and its conjugate, meeting them 
in P and D respectively, show that CP and CD will be conjugate 
.lemi-diameters, and conTersely. 

Ex. 3. Apply Prop. XXXV., Ex. 3, to prove this ijropcsition. 
\Vehave _ C.NyaM^=CA^. 

Similarly, if ./'((, Ihn be ordinatea to CB, 

or I)M^~FN^ = C1?. 

Subtracting, CP'> ^CS^= CA^ « CSK 

Es. 3. The difference between the sum of the squares of the 
distances of any point on the curve from, the ends of any diameter, 
and the sum of the squares of its distances fi-om the ends of the 
conjugate, is constant. [ = 2(Cji^ " CB^y] 

Es. 4. I is the focua of the conjugate hyperbola lying on CB. 
Prove that aD - SP^ CA - CB. 

(Apply Ex. 1, and Prop. XXVII., Ex. 5 and 1.3.) 

Ex. 6. Provethat SP.ST^Cm 

[SP''S'P=2.CA. Then squai'e and substitute, Cf. also Prop. 
XXIir., Ex. 5, and Prop. XXXT,, Ex, 3.] 

Ex. 6, [n Prop. XXIII., Ex. 1, prove that 
St:tg=CB:CI>, 
CD being conjugate tiy-CP. [Apply Ex. 5 and Prop. XXI.] 

Ex. 7. If the tangent at P meet any conjugate diameters in 
T and t, the triangles SPT, S'Pl are similar. 

ISP : PT=Pt : S'P. Apply Ex. 5 and Prop. XXXIII., Ex. 1.] 

Ex. S. If the tangent at P meet the conjugate axis in (, the 
iireaa of the triangles SP^, Stff are tlie ratio of CD'' : Sfi. (Apply 
i'rop, XXTII., Ex. 1.) 
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Ex. 9. Through C a 
tance of P ; \i 1 
DE=GB. 

[If SY\& perpeiidicnlar to the tangent at P, the triangles SYP, 
Ci)^ are Bimilai'. Then 

DE:CD=SY:8F='ST':S'P; 
DE^_ SY.S'T _BG^ 
Om~ SP.S'P'^CIP' 



Pioi.. XXt. and Kx. T).] 



^' Proposition XXXVI T. 
Tli6 square of the ordmaU of any point of a hyperbola 
with reelect to any diameter varies as ttie rectangle under 
the segment^ of the diameter iiiade by the ordinate. 




Let QV hs an ordinate to the diamefcei' PCP', nioet- 
ing the asymptotes in g, 5'. 

Draw the tangent at P meeting the asymptotes in r, r. 

Then Pr is parallel to QV. [Prop. XII, 

Therefore, by similar triangles, 

qyi;Pr''=CV-^:CP^, 
therefore 3 T- - Pr^ : Pr'- ^CV- CP'- : CP'\ 
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but 




Pr.Pr'^Qq.Qi, 
Fr'=.qV'-QV 




[Prop 


.XXX. 






[Prop. XXXI. 


and Eli 


10. 11. 5. 


therefore 




qV^Pr^^QV. 








Also 




Gr'-GP'=pv.pr, 




[E» 


0. II. 5. 


therefore 


QV 


QV:Pi'-Pr.P'V: 

:Pr.rr=Pi":CP', 


OP', 






which is constant. 








Since 




CIr' = Pr.Pr- 




[Prop 


.XXX. 






-Pr\ 




[Prop. 


XXXI. 


this result 


niay also be expressed as 










QV 


■'■.FY.P'r=CD':CP'. 









Ex. If the tangent at B to the conjiigate hyperbola meet a 
iisyniptote in )■' and the hyperbola m q, and the ordinate wi 
parallel to the tangent at P be produced to meet the same asymj 
tote in E, Bhaw that A Ciy=i/\ CvB. 



THE EQUILATEEAI. HYPERBOLA. 

The rectangle contained by the transverse axis of a 
central conic and its latus rectum has been called by 
Apollonius the " figure of the conic upon its axis." It 
is evident that the "minor" or "conjugate" axis of a 
central conic, according as it is an ellipse or a hyperbola, 
is equal to the side of a square equivalent in area to 
the "figure." (Chap. II., Prop. VI., and Chap. III.. 
Prop. T.) 

A hyperbola which has the sides of its " figure " equal i.? 
called an equilateral hyperbola. The latus rectum being 
thus equal to the transvei'se axis it is clear that tlie con- 
jugate axis is equal to the transverse axis (Chap. III., 
Prop, v.); in other words the two axes of an equilateral 
hyperbola are equal. 
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From Prop. SXVII. it is clear that the asymptotes of 
an equilateral hyperhola are at right angles to each 
other. From this property the curve is also called a 
rectangular hyperbola. 

Ex. Prove that the locus of the intersection of tangents to a 
parabola including half a right angle, is a rectangular hyperbola. 
(Prop. I., Ex. 10, and Prop. XXVIL, Ex. 3.) 

The properties of the hyperbola proved in the pre- 
ceding propositions are, of course, true for the equilateral 
hyperbola as well. In some cases, however, the results 
assume forma whieh are deserving of notice. 
Thus, for the equilateral hyperbola, "we have 
Prop, in. e = J2, (See Ex. 2.) 

G8=2GX. 

Ex, If a circle be deserihed on SS' as diameter, the tangents at 
the vertices will intersect the asymptotes in the circuinterence. 

Prop. V. Sl^CA, 

or, Latus rectum = .d J.'. 

Prop. Vm. PiV^ = -iiy, A'J^. 

Ex. 1. If JPNI" be a double ordinate, the angles PAF' and 
FA'l'' are supplementary. 

Ex. 2. The triangle formed by the tangent at any point and 
its intercepta on the axes, is similar to tlie triangle formed by the 
central radius to that point and the abscissa and ordinate of tlie 
point (See Prop. XX, Ex. 1.) 

Ex. 3. If Jf be a point on the conjugate axis and MP be drawn 
parallel to the transverse axis meeting the curie m P thei 
PM=AM. 

Ex. 4 The tangent at any point P of a circle meet« a fixe 1 
diameter AB produced in T, show tl it tlie 6trT,ight Inie tl i u^,! 
T perpendicular to AB meets AP HP pr duced m points which 
lie ou an equilateral hyperbola. 

Ex. 6. If .4B be any diameter of a circle and PVQau oidinate 
to it, the locus ol intersection of AP, BQ is an equilatenit hyperbola. 
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Ex. 6, The locus of the point of intersection of tangents to an 
ellipse which make equal angles with the major and miuor axia 
respectively, and are not at right angles, ia a rectangular hyper- 
bola. (The foci of the ellipse will be the Tertices.) 



rop. xxvr. 


CiV-.TO, 




pe_Pr/_cp. 


rop. XXXI. 


CP=Pr = P,'. 



Ex. 1, A circle whose centre is any point P and radius CF, 
iutevsects the norma! on the axes and the tangent on the asyrap- 

Es. 2. If the tangents at two points Q and Q^ meet in T, and 
if CQ, C^ meet thKie tangents in R and R', the circle circuni- 
Mcrihing RTE passK through C. 

Ex. 3. The angle subtended by any cliord at the centre is the 
supplement of the angle between the tangents at the ends of the 

Pkopositior a. 

Conjugate dimneters are eqtial in the equilateral 
hyperbola and the asymptotes hiseat the angle between 
them. 

Let OP, CD be any two conjugate semi-diameters. 
Then CF^ ~ CJ)^ = OA'' ~ Clf = 0, [Prop. XXSTI. 

since the axes are equal, 

Therefore GF--=CD. 

Again, since the asymptote Cr (Fig., Prop. XXXV.) 
bisects FD it must bisect the angle FCD. 

Similarly, it may be shown that the asymptote Cr' 
bisects the angle FCJy. 

Ex. 1, A circle is described on the transverse asis as diameter. 
Prove that if any tangent be drawn to the hyperbola, the straight 
lines joining tile centre of the hyperbola with the point of contact 
and with the middle point of the chord of intersection of the tan- 
gent with the circle, are inclined to the asymptotes at complementary 
angles. 
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Ex. 2. The lines drawn fvoni SAiy poiii 
Temitiea of any diameter make equal anj 
(Prop. XXSIV.) 

Ex. 3. The focal chords dra"rVii parallel to conjugate diameteis 
are equal. (Props. VI. and X.) 

Ex. 4. If two concentric rectangular hyperholas be described, 
the axes of one being the asymptotes of the other, they wiU cut at 
right angles, 

Ex. 6. Tlie normals at the ends of two conjugate diameteiw 
intersect on the asymptote and are parallel to another pair of 
conjugate diameters. (Prop. XXXV.) 

Ex. 6. li QV be an ovdiiiate of a diameter PCp, 

QV^=PV.pV. (Prop. XXXVII. 

Ex. 7. If tangents parallel to a given direction are drawn to a 
system of circles paMmg through two fixed points, the points of 
contact lie on a rectangular hyperbola. (Apply Ex, 6.) 

Ex. 8. Given the baae of a triaagle and the difference of tlii' 
angles at the base, prove that the locus of the vertex is a rect- 
angular hyperbola. (Apply Ex. 6.) 

Ex. 9. -Pop is a diameter and Q F an ordinate, prove that Q V is 
the tangent at Q to the cirele round the triangle PQp. (Apply 
Ex. 6.) 

Ex. 10. If P be a point on an eqiiilateral hyperbola and if tlie 
tangent at Q meet OP in T, the circle circumscribing CTQ tottclies 
the ordinate $F conjugate to CP. (Apply Ex. 6 and Prop. XX,) 

Ex. II. The angle between a chord PQ and the tangent at /', 
is equal to the angle subtended by PQ at the other extremity of 
the diameter through P. 

Ex. 12. The distance of any point on the curve from, the centre 
is a geometric mean between its distances from the foci. (Apply 
Prop. XXXTI., Ex. 5.) 

Ex. 13. The points of intersection of an eOipse and a oonfocal 
rectangular hyperbola are the extremities of the eqni-con jugate 
diameters of the ellipse, (Apply Prop. XXXVI., Ex. 5, and Chap, 
II., Prop. XXXV., Ex. S.) 

Ex. 14. If two focal chords be parallel to conjugate diameters, 
the lines joining their extremities intersect on the asymptotes. 

[If PSp, QSq be the chords, it may be shown that pg, PQ and 
an asymptote will meet on the directrix at the same point. Prop. 
VII. and Prop. XXVII., Ex. 5,] 
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PEO]'osnlo^' B. 



Ill the eqwUateral hypei-bola the transverse aids bisects 
the angle between the central radius vector of cmy point 
and the central pmy&ndicular on the tanaent ai tJmt 




Let P be any point on an equilateral hyperbola and 
CD the semi-diameter conjugate to C'P; let OZ be the 
perpendicular on the tangent at P. 

If CR be the asymptote, because 

GA^AR, [.b-i'op. XXVII. 

the angle AGR is half a right angle, that is, half of the 
angle DGZ, since CD ia parallel to PZ. 

[Props. XII. and XXXIII. 
But the angle PGR is half of the angle PGD ; [Prop. A. 
therefore the remaining angle PC A is half of the remain- 
ing angle PCZ, that is, CA bisects the angle FGZ. 

Ex. 1. Prove that CZ. CP= OAK (Apply Prop, XX,) 
Ex. 2. Prove that the angles CPA and CJ^'are equal 
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Proposition C. 
In the eqvAliiteral Ityperhola diaineter^ at right angles 
to each other are equal. 




Let there be Wo semi -diameters CP, 01/ at right 
angles to each other, meeting the curve and its conjugate 
in P and D respectively. 

Then the angle AGB = the angle PCD, 
each heing a right angle. Taking away the common 
angle PCS, 

the angle ^ OP -the angle BGD. 
Hence from symmetry, since the curve and its conjugate 
are equal and similarly placed with respect to the axes, 

CP==:CD. 

Ex. 1. Prove that fooaj oliords at right angles to eath other 
are equal. 

Ex. 3. If a ri^ht-angled triangle be inscribed in the curve, the 
normal at the right angle ia parallel to the hypotenuse. (See 
Prop. X.) 

Ex. 3. Chords which aubtend a right angle at a point /' of the 
curve, are all parallel to tlie normal at J'. 

Proposition D. 
I'he angle between any two tUaineters of cm equilateral 
hyperbola is eqiml to the angle between thm- conjugates. 
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Let GP, CP' be any two semi -diameters, and GD, CD' 
the aemi-diameters conjugate to them respectively. 




Then, if CR he the asymptote, 

the angli) PCiS = the angle BGR, [Prop. A. 
iiiid the angle P'G^ = the angle D'GR] [Prop. A. 

therefoi'e, hy subtraction, 

the angle PGP' = the angle BCD'. 

Es. 1. Conjugate diameters are inclined to eitliei' axes at angles 
wliicli are complementary. 

Ex. 2. If GP, CD ba conjugate eemi-diametei-s and PN, DM 
ordinatea, the triangles PGN, DOM&vb equal in all reapecta. 

Ex. 3. The difference hetweea the angles ivhich the lines join- 
ing any point on the curve to the extremities of a diameter make 
with the diameter, ia eqiial to the angle which the diameter makes 
with its conjugate. 

Ex. 4. The angles subtended by any chord at the extremities 
of a, diameter are equal or supplementary. (Apply Prop. XXXIV.) 

Ex. 5. AB ia a chord of a circle and a diameter of a rectangular 
hyperbola, P is any point on the circle, AP, BP, produced if 
necessary, meet the hyperbola in Q, Q' respectiTely. Prove that 
BQ and A^ intersect on the circle, (Apply Ex. 4.) 

Ex. 6. A circle and a rectangular hyperbola intersect in four 

Joints and one of tlieir common chords is a diameter of the hyper- 
ola. Show that the other common chord is a diameter of the 
circle. (Apply Ex. 4.) 
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Ex. 7. QN is drawn perpend ioulai' from any point Q on the 
curve to the tangent at P. Prove that the circle rouiid CRF 
bisects FQ. (Apply Ex. 4.) 

Ex, 8. If a rectangular hyperbola circumscribe a triangle, tlie 
locus of its centre is the nine-point oiicle. 

[The diameters to the middle points of the sides are conjugate to 
the sides respectively.] 

Ex. 9. The tangent at a point P of a rectangular liyperhola meets 
a diameter QGQ in T, Prove that Cfj and Tf/ subtend equal angles 
at P. 

*PROF0SiTI0X E. 
If a rectangtdar hyperbola ci/i'Gumscribe a triangle 
it passes through the orthocentre. 




Let a rectangular hyperbola circumsciibing a triangle 
ABC meet AD, drawa perpendicular to BO, in 0. 

Then tho rectangles AD . OD, BD .CD are ae the 
squares of the semi-diameters parallel to AD, BO. [Prop. X. 
But tho aemi-diameters being at right aagles to each 
other, are equal : [Proj^. C. 

therefore AD.OD = BD. CD. 

Therefore, as is well known, the point must coincide 
either with the orthocentre or with the point 0' where 
AD meets the circh; circumscribing the triangle ABC. 
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But the latter case is impossible; for then the; linos 
AD, BO, which are at right angles to each othci', will lie 
equally inclined to the axis, [Pi'op- XI. 

and will, therefore, be parallel to the asymptotes, which 
are also at right angles to each other and equally inclined 
to the axis. [Prop. XXTII. 

Hence BO, being parallel to an asymptote, cannot meet 
the curve in two point.^ (see Prop. XXVII., Ex. 2), which 
It contiai> to the hjj ithesis 

Hence the cm\e must pass thiou^h the oi thr centic 

Ex 1 E\eiT com paasiii^ thiou^h tlie centief of the f iu 
Circle? winch toueli the sides of a tiiaiigle ii a rectangolai 
hypeibola 

Ex 2 Anj oonu, imsaing thioiigh the foui point? of iiitei 
Beetiou of two lectangulii hyperbolas m itself a reotaiigulai 
hjperbola 

Ex 3 If two lectan^iilar hyperbflan luteraect in A B C D 
the encles deswibpil on AE CD aa diameters intersa-t each other 
orthogonalh 

[J} 19 the orthocentre of the tiLineie AIi<~' OLsene that tlic 
distance betweeu the middle points of AB and CD is eqinl to the 
radius of the cii luu ciibu c; cuclc ] 



Miscellaneous Examples ox thh: Hyperbola. 

1. Given the two asymptotes and a point on the curve, 
show how to construct the curve and find the position of 
the foci. 

2. CF, OS are conjugate semi-diameters and the tan- 
gent at P meets an a.?ymptote in r. If m be the per- 
pendicular from r on the transverse axis J)Pn is a right 
line. 

3. P is any point on a hyperbola whose foci are 8, S' ; 
if the tangent at P mset an asymptote in T the angle 
between that asvmptofce and S'F i^ double the angle STP. 
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184 OEOMETliY OF CONICS. 

ellipaes. Prove that the locus of the points of contact is a 
rectangular hyperbola. 

[gee figure, Chap. II., Prop, XSVIII. CF'^CO and 
J'J^o: PIU Gt-:!^ GT. TliereforeP/''.Ci^=c Ga.CT=CS'^=Qonat»xA.'\ 

35. From the point of intersection of the directrix with 
one of the asyinptbfces of a rectangular hyperbola a tangent 
is drawn to the curve, meeting the other asymptote in T. 
Prove that CT is equal to the transverse axis. (Apply 
Prop. XXXII. and Prop. XSVII., Ex. 5.) 

36. If a rectangular hyperbola, having his, asymptotes 
eoineident with the axes of an ellipse, touch the ellipse, 
the axis of the hyperbola is a mean proportional between 
the axes of the ellipse. (Apply Props. XXXL, XXXIL, 
and XX.) 

37. Ellipses are inscribed in a given parallelogram ; 
prove that their foci lie on a rectangular hyperbola. 

38. Given the centre, a tangent, and a point on a 
rectangular hyperbola, find the asymptotes. 

39. Prove that the parallel focal chorda of conjugate 
hyperbolas are to one another as the eccentricities of the 
hyperbolas. 

40. "With each pair of three given points as foci a 
hyperbola is drawn passing through the third point. 
Prove that the three hyperbolae thus drawn intersect 
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